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Abstract

CommonparallelprocessormicroarcThitecturesofferawidevarietyofsolutionstoimple-

mentnumericalalgoritThms. TTheefficiencyofdifferentalgoritThmsappliedtotThesame

problemvarywitThtTheunderlyingarcThitecturewThicThcanbeamulti-coreCPU(Cen-

tralProcessingUnit),many-coreGPU(GrapThicsProcessingUnit),Intel’sMIC(Many

IntegratedCore)orFPGA(FieldProgrammableGateArray)arcThitecture.Significant

differencesbetweentThesearcThitecturesexistintTheISA(InstructionSetArcThitecture)

andtThewaytThecomputeflowisexecuted. TThewayparallelismisexpressedcThanges

witThtTheISA,tThreadmanagementandcustomizationavailableontThedevice. TThese

differencesposerestrictionsfortTheefficiencyoftThealgoritThmtobeimplemented.TThe

aimoftThedoctoralworkistoanalyzetTheefficiencyoftThealgoritThmstThrougThtThearcThi-

tecturaldifferencesandfindefficientwaysandnewefficientalgoritThmstomapproblems

totTheselectedparallelprocessorarcThitectures.TTheproblemsselectedfortThestudyare

numericalalgoritThmsfromtThreeproblemclassesoftThe13Berkeley”dwarves”[1
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].

Engineering,scientificandfinancialapplicationsoftenrequiretThesimultaneoussolution

ofalargenumberofindependenttridiagonalsystemsofequationswitThvaryingcoeffi-

cients.TThedissertationinvestigatestTheoptimalcThoiceoftridiagonalalgoritThmforCPU,

IntelMICandNVIDIAGPUwitThafocusonminimizingtTheamountofdatatransfer

toandfromtThemainmemoryusingnovelalgoritThmsandregisterblockingmecThanism,

andmaximizingtTheacThievedbandwidtTh.Italsoconsidersblocktridiagonalsolutions

wThicTharesometimesrequiredinCFD(ComputationalFluidDynamic)applications.A

novelwork-sTharingandregisterblockingbasedTThomassolverisalsopresented.

Structuredgridproblems,liketTheADI(AlternatingDirectionImplicit)metThodwThicTh

boilsdowntThesolutionofPDEs(PartialDifferentialEquation)intoanumberofsolu-

tionsoftridiagonalsystemofequationsissThowntoimproveperformancebyutilizing

new,efficienttridiagonalsolvers.Also,solvingtTheone-factorBlack-ScTholesoptionpric-

ingPDEwitThexplicitandimplicittime-marcThingalgoritThmsonFPGAsolutionwitTh

tTheXilinxVivadoHLS(HigThLevelSyntThesis)ispresented.PerformanceoftTheFPGA

solverisanalyzedandefficiencyisdiscussed.AGPUbasedimplementationofaCNN

(CellularNeuralNetwork)simulatorusingNVIDIA’sFermiarcThitectureispresented.

TTheOP2projectattTheUniversityofOxfordaimstoThelpCFDdomainscientiststo

decreasetTheirefforttowriteefficient,parallelCFDcode.InordertoincreasetTheeffi-

ciencyofparallelincrementationonunstructuredgridsOP2utilizesamini-partitioning

andatwolevelcoloringscThemetoidentifyparallelismduringrun-time.TTheuseoftThe

GPS(Gibbs-Poole-Stockmeyer)matrixbandwidtThminimizationalgoritThmisproposed

toThelpcreatebettermini-partitioningandblockcoloringbyimprovingtThelocalityof

neigThboringblocks(alsoknownasmini-paritions)oftTheoriginalmesTh.ExploitingtThe

capabilitiesofOpenCLforacThievingbetterSIMD(SingleInstruction MultipleData)

vectorizationonCPUand MICarcThitecturestThrougThttTheuseoftTheSIMT(Single

InstructionMultipleTThread)programmingapproacThinOP2isalsodiscussed.
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R+ Setofnon-negativerealnumbers

V Volt

W Watt

GB Gigabytes,210bytes;usedinsteadofIECGiBstandard

GB/s Gigabytespersecond,210
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Introduction

LimitsofpThysics TodaytThedevelopmentofeveryscientific,engineeringandfinan-

cialfieldtThatrelyoncomputationalmetThodsisseverelylimitedbytThestagnationof

computationalperformancecausedbytThepThysicallimitsintTheVLSI(VeryLargeScale

Integration)tecThnology.TThisiscausedbytThesingleprocessorperformanceoftTheCPU

(CentralProcessingUnit)duetovastTheatdissipationtThatcannotbeincreased.Around

2004tThispThysicallimitmadeitnecessarytoapplymoreprocessorsontoasilicondie

andsotTheproblemofefficientparallelizationofnumericalmetThodsandalgoritThmson

aprocessorwitThmultiplecoreswasborn.

TTheprimaryaimofmytThesisworkistotakeadvantageoftThecomputationalpowerof

variousmodernparallelprocessorarcThitecturestoacceleratetThecomputationalspeed

ofsomeoftThescientific,engineeringandfinancialproblemsbygivingnewalgoritThms

andsolutions.

AftertTheintroductionoftTheproblemsandlimitsbeThindtThisparadigmsThiftintThe

currentsection,amoredetailedexplanationoftTheclassificationandcomplexityofpar-

allelizationispresentedinSection1.1.Section1.2introducestThenumericalproblems

onwThicThtThenewscientificresultsofSection8.1
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rely.

Gordon MooreintThe1960’sstudiedtThedevelopmentoftTheCMOS(Complementary

Metal-Oxide-Semiconductor)manufacturingprocessofintegratedcircuits(IC).In1965

TheconcludedfromfivemanufacturedICs,tThattThenumberoftransistorsonagiven

siliconareawilldoubleeveryyear. TThisfindingisstillvalidafterThalfacenturywitTh

1
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amajormodification:tThenumberoftransistorsonacThipdoubleseverytwoyears(as

opposedtotTheoriginalyear).

TThislawisespeciallyinterestingsincearound2004tThemanufacturingprocessreacThed

atecThnologicallimit,wThicThpreventsusfromincreasingtTheclockrateoftThedigital

circuitry. TThislimitisduetotTheTheatdissipation. TTheamountofTheatdissipatedon

tThesurfaceofasilicondieofsizeofafewsquarecentimetresisintTheorder100sof

Watts. TThisistTheabsoluteupperlimitoftTheTDP(TThermalDesignPower)tThata

processorcanThave.TTheeversThrinkingVLSIfeaturesizescause:1)tTheresistance(and

impedance)ofconductorstoincrease;2)tTheparasiticcapacitancetoincrease;3)leakage

currentoninsulatorsliketTheMOStransistorgateoxidetoincrease.TTheseincreasing

resistanceandcapacitancerelatedparameterslimittTheclockrateoftThecircuitry.In

ordertoincreasetTheclockratewitThtTheseparameterstThecurrentneedstobeincreased

andtThatleadstoincreasedpowerdissipation.BesideslimitingtTheclockratetThedata

transferrateisalsolimitedbytThesamepThysicalfacts.

TTheTDPofadigitalcircuitiscomposedintThefollowingway:PTDP=PDYN+PSC+

PLEAK,wTherePDYN istThedynamicswitcThing,PSCistTheinstantaneoussThortcircuit

(duetonon-zeroriseorfalltimes)andPLEAK istTheleakagecurrentinducedpower

dissipation. TThe mostdominantpowerdissipationisduetotThedynamicswitcThing

PDYN ∝CV
2f,wThere∝indicatesproportionality,fistTheclockrate,CistThecapaci-

tancearisingintThecircuitryandVistThevoltageappliedtotThecapacitances.

TemporarysolutiontoavoidtThelimitsofpThysics–Parallelisation

DOI:10.15774/PPKE.ITK.2016.002

Earlier,

tThecontinuousdevelopmentofcomputerengineeringmeantincreasingtTheclockrate

andtThenumberoftransistorsonasilicondie,asitdirectlyincreasedtThecomputational

power. Today,tThestrictfocusisonincreasingtThecomputationalcapacitywitThnew

solutionsratThertThanincreasingtTheclockrateontThecThip.Onesolutionistoparallelise

onalllevelsofaprocessorarcThitecturewitThtThecostofcrammingmoreprocessorsand

transistorsonasingledie.TTheparallelisationandspecializationofThardwarenecessarily

increasestTheThardware,algoritThmicandsoftwarecomplexity.TTherefore,since2004new

processorarcThitecturesappearedwitThmultipleprocessorcoresonasinglesilicondie.

Also,moreandmoreempThasiseisputtoincreasetTheparallelismontThelowestlevelsof

tThearcThitecture. AstTherearemanylevelsofparallelismbuiltintotThesystemstoday,
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tTheclassificationoftTheselevelsisimportanttounderstandwThatalgoritThmicfeatures

canbeexploitedduringtThedevelopmentofanalgoritThm.

AmdaThl’slaw GeneAmdaThlataconferencein1967[2]gaveatalkontTheacThievable

scalingofsingleprocessorperformancetomultipleprocessorsassumingafixedamount

ofworktobeperformed.Later,tThisThasbeenformulatedasEq.(1.1)andnowitis

knowasAmdaThl’slaw. AmdaThl’slawstatestThattThespeedupduetoputtingtTheP

partoftTheworkloadofasingleprocessorontoNidenticalprocessorsresultsinS(N)

speedupcomparedtosingleprocessor.

S(N)=
1

(1−P)+PN
(1.1)

OnemaytThinkoftTheproportionPastTheworkloadtThatThasbeenparallelizedbyan

algoritThm(andimplementation). TThelargertThisproportion,tThebettertThescaling

oftTheimplementationwillbe. TThissetupisalsoknownasstrongscaling. TThisisa

ThigThlyimportantconcepttThatisimplicitlyusedintTheargumentswThenparallelization

isdiscussed.

Gustafson’slaw JoThnGustafsonin1988reevaluatedAmdaThl’slaw[3]andstated

tThatintTheframeworkofweakscalingtThespeedupisgivenbyEq.(1.2). Weakscaling

measurestTheexecutiontimewThentTheproblemsizeisincreasedNfoldwThentTheprob-

lemisscTheduledontoN parallelprocessors. Eq.(1.2)statestThattTheexecutiontime

(Slatency(s))decreaseswThentThelatencyduetotThePproportion-wThicThbenefitsfrom

tTheparallelization-speedsupbyafactorofs.

Slatency(s)=1−P+sP (1.2)

1.1 ClassificationofParallelism

TThegrapThpresentedonFigure1.1
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.sThowstThelogicalclassificationofparallelismon

alllevels. LeavesoftThegrapThsThowtTheprocessorfeaturesandsoftwarecomponents

tThatimplementtTheparallelism. ProcessorandsoftwarefeaturesThigThligThtedasGPU
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Parallelism

Data Level Parallelism Function Level Parallelism

Neural ArcThitecture

(CNN, MLP etc.)
SIMD, vector

Instruction Level ParallelismTThread Level Parallelism Process Level Parallelism

Distributed Memory MIMD

(multi-computer)

SThared Memory MIMD

(multi-processor)
SIMT Pipeline, VLIW, 

Superscalar

GPU CPU/MIC

(GrapThicsProcessingUnit)andCPU/MIC(MIC-ManyIntegratedCore)featuresare

keycomponentsusedintThework.

Figure1.1:ClassificationofparallelismalongwitThparallelcomputerandprocessorarcThitec-
turestThatimplementtThem.

ArcThitecturedependentperformancebounds DependingontThedesignaimsof

aparallelprocessorarcThitecturetThecomputationalperformanceoftThesearcThitectures

varywitThtTheproblem. TTheperformancecanbeboundbytThelackofsomeresources

neededfortThatparticularproblem,eg. morefloatingpointunits,greater memory

bandwidtThetc.TThereforeitiscommontorefertoanimplementationbeing:1)compute

boundiffurtTherperformancegainwouldonlybepossiblewitThmorecomputecapability

or2)memorybandwidtThbound iftTheproblemwouldgainperformancefromThigTher

memorybandwidtTh.TTherooflinemodel[4]ThelpsidentifyingwThetThertThecomputational

performanceoftTheprocessoronagivenalgoritThmorimplementationisboundedbytThe

availablecomputationalormemorycontrollerresourcesandalsoThelpsapproximating

tTheextentoftTheutilizationofacertainarcThitecture. SeeFigure1.2forcomparing

parallelprocessorarcThitecturesusedintThedissertation. ProcessorarcThitecturestThat

wererecentlyintroducedtotThemarkerandwThicTharetobeannouncedarealsonoted

ontThefigure.

OnFigure1.2
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tThegrapThswereconstructedbasedontThemaximumtTheoreticalcomputa-

tionalcapacity(GFLOP/s)anddatabandwidtTh(GB/s)metrics.IntThecaseofFPGAs

tThenumberofimplementablemultipliersandtThenumberofimplementablememory

interfacesworkingattThemaximumclockrategivestThebasefortThecalculationoftThe

grapThs.TTheexactprocessorarcThitecturesbeThindtThelabelsaretThefollowing:1)GPU-

K40:NVIDIATeslaK40mcardwitThKeplerGK110BmicroarcThitectureworkingwitTh
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“Boost”clockrate;2)GPU-K80:NVIDIATeslaK80cardwitThKeplerGK210microar-

cThitectureworkingwitTh“Boost”clockrate;3)CPU-SB:IntelXeonE5-2680CPUwitTh

SandyBridgemicroarcThitecture;4)CPU-HW:IntelXeonE5-2699v3CPUwitThHaswell

microarcThitecture;5)MIC-KNC:IntelXeonPThi5110Pco-processorcardwitThKnigThts

CornermicroarcThitecture;6)MIC-KNL:IntelXeonPThico-processorwitThKnigThtsLand-

ingmicroarcThitecture-tTheexactproductsignatureisyettobeannounced;7)FPGA-V7:

XilinxVirtex-7XC7VX690T;8)FPGA-VUSP:XilinxVirtexUltraScale+VU13P.

AstTheaimofmyworkwasacThievingtThefastestexecutiontimebyparallelizationtThe

rooflinemodelisusedtostudytThecomputationalperformanceoftTheselectedproblems

wThereapplicable.
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Figure1.2:RooflinemodelforcomparingparallelprocessorarcThitectures.Note:SPstands
forSinglePrecisionandDPstandsforDoublePrecision.

ParallelProcessorArcThitecturesandLanguages
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AvastvarietyofparallelarcThi-

tecturesareusedandexperimentedinHPC(HigThPerformanceComputing)tocompute

scientificproblems. Multi-coreXeonclassserverCPUbyIntelistTheleadingarcThitecture

usednowadaysinHPC.GPUs(GrapThicsProcessingUnit)originallyusedforgrapThics-

onlycomputingThasbecomeawidelyusedarcThitecturetosolvecertainproblems.In

recentyearsIntelintroducedtTheMIC(ManyIntegratedCore)arcThitectureintTheXeon

PThicoprocessorfamily.IBMwitThtThePOWERandFujitsuwitThtTheSPARCprocessor

familiesarefocusingonHPC.FPGAs(FieldProgrammableGateArray)byXilinxand

AlteraarealsousedfortThesolutionofsomespecialproblems.ARMasanIP(Intellec-

tualProperty)providerisalsomakingnewdesignsforx86CPUprocessorswThicThfind

applicationincertainareasofHPC.Also,researcThisconductedtocreatenewTheteroge-

nouscomputingarcThitecturestosolvetThepowerefficiencyandprogrammabilityissues

ofCPUsandaccelerators.
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ProgramminglanguageslikeFORTRAN,C/C++orPytThonarenolongerenougThto

exploittTheparallelismoftThesemulti-andmany-corearcThitecturesinaproductiveway.

TTherefore,newlanguages,languageextensions,libraries,frameworksandDSLs(Domain

SpecificLanguage)appearedinrecentyears,seeFigure1.3

CPU x86 NVIDIA GPUIntel MIC AMD GPU FPGA

MPI OpenMP OpenACCOpenCL CUDA
ASM

intrinsic

VHDL

Verilog
HLS

. WitThoutcompletenesstThe

mostimportantoftTheseare:1)CUDA(ComputeUnifiedDeviceArcThitecture)Cfor

programmingNVIDIAGPUs;2)OpenMP(OpenMultiProcessing)directivebasedlan-

guagesextensionforprogrammingmulti-coreCPUormany-coreMICarcThitectures;3)

OpenCL(OpenComputeLanguage)forcodeportable,ThigThlyparallelabstraction;4)

AVX(AdvancedVectoreXtension)andIMCI(Initial ManyCoreInstruction)vector-

ized,SIMD(SingleInstructionMultipleData)ISA(InstructionSetArcThitecture)and

intrinsicinstructionsforincreasedILP(InstructionLevelParallelism)inCPUandMIC;

5)OpenACC(OpenAccelerators)directivebasedlanguageextensionforacceleratorar-

cThitectures;6)HLS(HigThLevelSyntThesis)byXilinxforimprovedcodeproductivityon

FPGAs.

AlltThesenewarcThitecturalandprogrammingfeaturesraisenewwaystosolveexisting

parallelisationproblems,butnonoftThemprovideThigThdevelopmentproductivity,code-

andperformanceportabilityasonesolution.TTherefore,tTheseproblemsaretThetopicof

manyongoingresearcThintTheHPCcommunity.

Figure1.3:RelationsbetweenprocessorarcThitectures,languagesandlanguageextensions.

Classificationofproblemclassesaccordingtoparallelization Classificationof

tTheselectedproblemsisbasedontThe13“dwarves”of“AviewoftTheparallelcomputing

landscape”[1]. MyresultsarerelatedtotThedwarvesThigThligThtedwitThboldfonts:

1.DenseLinearAlgebra

2.SparseLinearAlgebra

3.SpectralMetThods

4.N-BodyMetThods

5.StructuredGrids

6.UnstructuredGrids

DOI:10.15774/PPKE.ITK.2016.002

7. MapReduce

8.CombinationalLogic

9.GrapThTraversal

10.DynamicProgramming
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11.BacktrackandBrancTh-and-Bound

12.GrapThicalModels

13.FiniteStateMacThines

1.2 SelectedandParallelizedNumericalProblems

TTheselectednumericalalgoritThmscovertThefieldsofnumericalmatThematicstThataim

fortThesolutionofPDEs(PartialDifferentialEquation)indifferentengineeringap-

plicationareas,sucThasCFD(ComputationalFluidDynamics),financialengineering,

electromagneticsimulationorimageprocessing.

1.2.1 TridiagonalSystemofEquations

Engineering,scientificandfinancialapplicationsoftenrequiretThesimultaneoussolution

ofalargenumberofindependenttridiagonalsystemsofequationswitThvaryingcoef-

ficients[5,6,7,8,9,10]. TThesolutionoftridiagonalsystemsalsoariseswThenusing

line-implicitsmootThersaspartofamulti-gridsolver[11],andwThenusingThigTh-order

compactdifferencing[12,13]. SincetThenumberofsystemsislargeenougThtooffer

considerableparallelismonmany-coresystems,tThecThoicebetweendifferenttridiagonal

solutionalgoritThms,sucThasTThomas,CR(CyclicReduction)orPCR(ParallelCyclic

Reduction)needstobere-examined.InmyworkIdevelopedandimplementednear

optimalscalarandblocktridiagonalalgoritThmsforCPU,IntelMICandNVIDIAGPU

witThafocusonminimizingtTheamountofdatatransfertoandfromtThemainmemory

usingnovelalgoritThmsandregisterblockingmecThanism,andmaximizingtTheacThieved

bandwidtTh.TThelattermeanstThattTheacThievedcomputationalperformanceisalsomax-

imized(seeFigure1.4)astThesolutionoftridiagonalsystemofequationsisbandwidtTh

limitedduetotTheoperationintensity.

OnFigure1.4
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tThecomputationalupperlimitsontThegrapThswereconstructedbased

ontThemaximumtTheoreticalcomputationalcapacity(GFLOP/s)anddatabandwidtTh

(GB/s)metricsoftThetThreeprocessors.TTheoperationintensityiscalculatedfromtThe

amountofdatatThatismovedtThrougThtThememorybusandtTheamountoffloatingpoint

operationsperformedontThisdata. TThetotalamountoffloatingpointoperationsis

calculatedanddividedbytTheexecutiontimetogettTheperformanceinGFLOP/s.TThe
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operationintensityandGFLOP/sperformancemetricsarecalculatedforeacThsolver

andtTheyarerepresentedwitThstarsontThefigures.

InmostcasestThetridiagonalsystemsarescalar,witThoneunknownpergridpoint,but

tThisisnotalwaystThecase. Forexample,computationalfluiddynamicsapplications

oftenThavesystemswitThblock-tridiagonalstructureupto8unknownspergridpoint

[7]. TThesolutionofblocktridiagonalsystemofequationsarealsoconsideredwThicTh

aresometimesrequiredinCFD(ComputationalFluidDynamic)applications.Anovel

work-sTharingandregisterblockingbasedTThomassolverforGPUsisalsocreated.
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Figure1.4:
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RooflinemodelappliedtotTheimplementedscalartridiagonalsolversonGPU,
CPUand MICprocessorarcThitectures. TTheproximityofstarstotTheuppercomputational

limitssThowstTheoptimalityoftTheimplementationontThearcThitecture.
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1.2.2 AlternatingDirectionsImplicit MetThod

TThenumericalapproximationofmulti-dimensionalPDEproblemsonregulargridsof-

tenrequirestThesolutionofmultipletridiagonalsystemsofequations.Inengineering

applicationsandcomputationalfinancesucThproblemsarisefrequentlyaspartoftThe

ADI(AlternatingDirectionImplicit)timediscretizationfavoredbymanyintThecom-

munity,see[10].TTheADImetThodrequirestThesolutionofmultipletridiagonalsystems

ofequationsineacThdimensionofamulti-dimensionalproblem,see[14,9,15,16].

1.2.3 CellularNeuralNetwork

TTheCNN(CellularNeuralNetwork)[17]isapowerfulimageprocessingarcThitecture

wThoseThardwareimplementationisextremelyfast[18,19]. TThelackofsucThThardware

deviceinadevelopmentprocesscanbesubstitutedbyusinganefficientsimulatorim-

plementation.AGPUbasedimplementationofaCNNsimulatorusingNVIDIA’sFermi

arcThitectureprovidesagoodalternative.DifferentimplementationapproacThesarecon-

sideredandcomparedtoamulti-core,multi-tThreadedCPUandsomeearlierGPUim-

plementations.AdetailedanalysisoftTheintroducedGPUimplementationispresented.

1.2.4 ComputationalFluidDynamics

DOI:10.15774/PPKE.ITK.2016.002

AcThievingoptimalperformanceontThelatestmulti-coreandmany-corearcThitectures

dependsmoreandmoreonmakingefficientuseoftTheThardware’svectorprocessingca-

pabilities. WThileauto-vectorizingcompilersdonotrequiretTheuseofvectorprocessing

constructs,tTheyareonlyeffectiveonafewclassesofapplicationswitThregularmemory

accessandcomputationalpatterns.OtTherapplicationclassesrequiretTheuseofparallel

programmingmodels,andwThileCUDAandOpenCLarewellestablisThedforprogram-

mingGPUs,itisnotobviouswThatmodeltousetoexploitvectorunitsonarcThitectures

sucThasCPUsortThe MIC.TThereforeitisofgrowinginteresttounderstandThowwell

tTheSingleInstructionMultipleTThreads(SIMT)programmingmodelperformsonaan

arcThitectureprimarilydesignedwitThSingleInstructionMultipleData(SIMD)ILPpar-

allelisminThead.InmanyapplicationstTheOpenCLSIMTmodeldoesnotmapefficiently

toCPUvectorunits.InmydissertationIgivesolutionstoacThievevectorizationand

avoidsyncThronization-wTherepossible-usingOpenCLonreal-worldCFDsimulations
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andimprovetTheblockcoloringinThigTherlevelparallelizationusingmatrixbandwidtTh

minizationreordering.

1.3 ParallelProcessorArcThitectures

AvarietyofparallelprocessorarcThitecturesappearedsincetThepowerwallbecameun-

avoidablein2004andolderprocessorarcThitectureswerealsoredesignedtofitgeneral

computingaims.CPUsoperatewitThfast,Theavy-weigThtcores,witThlargecacThe,out-of-

orderexecutionandbrancThprediction. GPUsand MICsontTheotTherThanduseligTht

weigTht,in-order,ThardwaretThreadswitThmoderate,butprogrammablecacThingcapabil-

itiesandwitThoutbrancThprediction.FPGAsprovidefulldigitalcircuitcustomization

capabilitieswitThlowpowerconsumption. AdetailedtecThnicalcomparisonorbencTh-

markingisnottopicoftThetThesis,buttThein-deptThknowledgeoftThesearcThitecturesis

akeytounderstandingtThetTheses.TThereaderissuggestedtostudytThecitedmanuals

andwThitepapersformoredetailsontThespecificarcThitecture.TThelistofarcThitectures

tackledintThetThesisistThefollowing:

1.CPU/MICarcThitectures:conventional,x86arcThitectures–witThCISCandRISC

instructionsetsaugmentedwitThSIMDvectorinstructions–liketTheThigTh-end,

dualsocketIntelXeonserverCPUandtTheIntelXeonPThi MICcoprocessors,

morespecifically:

(a)IntelSandy-Bridge(E5-2680)CPUarcThitecture

(b)IntelKnigThtsCorner(5110P)MICarcThitecture

2.GPUarcThitectures:generalizedforgeneralpurposescientificcomputing,specifi-

callyfromvendorNVIDIA:

(a)NVIDIAFermi(GF114)GPUarcThitecture

(b)NVIDIAKepler(GK110b)GPUarcThitecture

3.FPGAarcThitecture:fullycustomizable,specificallyformvendorXilinx:

(a)XilinxVirtex-7(VX690T)FPGAarcThitecture

AllprocessorspecificationsarelistedintTheAppendixAandSection5

DOI:10.15774/PPKE.ITK.2016.002

.
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1.3.1 GPU:NVIDIAGPUarcThitectures

TTheuseofGPUplatformsisgettingmoreandmoregeneralintThefieldofHPCandin

real-timesystemsaswell.TThedominancyoftThesearcThitecturesversustTheconventional

CPUsaresThownonFigure1.5and1.6.IntThebeginningonlytThegameandCAD

industrywasdrivingtThecThipmanufacturerstodevelopmoresopThisticateddevicesfor

tTheirneeds.Recently,astTheseplatformsThavegottenmoreandmoregeneraltosatisfy

tTheneedofdifferenttypeofusers,tTheGPGPU(GeneralPurposeGPU)computingThas

evolved.NowtThescientificcommunityisbenefitingfromtTheseresultaswell.

Figure1.5:TTheincreaseincomputationpower.AcomparisonofNVIDIAGPUsandIntel
CPUs.[20]

1.3.1.1 TTheNVIDIACUDAarcThitecture

CUDAisacombinationofThardwareandsoftwaretecThnology[20

DOI:10.15774/PPKE.ITK.2016.002

]toprovideprogram-

merstThecapabilitiestocreatewelloptimizedcodeforaspecificGPUarcThitecturetThatis

generalwitThinallCUDAenabledgrapThicscards.TTheCUDAarcThitectureisdesignedto

provideaplatformformassivelyparallel,dataparallel,computeintensiveapplications.

TTheThardwaresideoftThearcThitectureissupportedbyNVIDIAGPUs,wThereastThesoft-

waresideissupportedbydriversforGPUs,C/C++andFortrancompilersandtThe
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Figure1.6:TTheincreaseinmemorybandwidtTh.AcomparisonofNVIDIAGPUsandIntel
CPUs.[20]

necessaryAPIlibrariesforcontrollingtThesedevices.AsCUDAThandlesspecialisedkey-

wordswitThintTheC/C++sourcecode,tThismodifiedprogramminglanguageisreferred

toastTheCUDAlanguage.

TTheprogrammingmodel,alongwitThtThetThreadorganisationandThierarcThyandmem-

oryThierarcThyisdescribedin[20

DOI:10.15774/PPKE.ITK.2016.002

]. AtThreadintTheCUDAarcThitectureistThesmallest

computingunit.TThreadsaregroupedintotThreadblocks.Currently,intTheFermiand

KeplerarcThitecturesmaximum1024tThreadscanbeallocatedwitThinatThreadblock.

TThousandsoftThreadblocksareorganizedintoablockgridandmanyblockgridsform

aCUDAapplication. TThistThreadThierarcThywitThtThreadblocksandblockgridsmake

tThetThreadorganisationsimpler.TThreadblocksinagridareexecutedsequentially.At

atimealltTheStreamingMultiprocessors(SMorSMX)areexecutingacertainnumber

oftThreadblocks(aportionofablockgrid).TTheexecutionandscThedulingunitwitThin

anSM(orSMX)isawarp. Awarpconsistsof32tThreads. TThustThescThedulerissues

aninstructionforawarpandtThatsameinstructionisexecutedoneacThtThread. TThis

procedureissimilartoSIMD(SingleInstructionMultipleData)instructionexecution

andiscalledSIMT(SingleInstructionMultipleTThreads).
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TThememoryThierarcThyoftTheCUDAprogrammingmodelcanbeseeninFig.1.7. WitThin

ablockeacThtThreadThasitsownregister,canaccesstThesTharedmemorytThatiscommon

toeverytThreadwitThinablock,ThasaccesstotTheglobal(grapThicscardRAM)memory

andThasalocalmemorytThatisallocatedintTheglobalmemorybutprivateforeacTh

tThread. UsuallytThelattermemoryisusedtoThandleregisterspill. TThreadscanalso

readdatatThrougThtTheRead-OnlyCacThe(onKeplerarcThitecture)orTextureCacThe(on

FermiarcThitecture).

1.3.1.2 TTheFermiThardwarearcThitecture

TTheCUDAprogrammingarcThitectureisusedtoimplementalgoritThmsaboveNVIDIA’s

ThardwarearcThitecturessucThastTheFermi. TTheFermiarcThitectureisrealizedincThips

oftTheGF100series. CapabilitiesoftTheFermiarcThitecturearesummarizedin[21].

TThebaseFermiarcThitectureisimplementedusing3billiontransistors,featuresupto

512CUDAcoreswThicThareorganizedin16SMseacThencapsulating32CUDAcores.

ComparedtotTheearlierG80arcThitecturealongwitThotThersa10timesfastercontext

switcThingcircuitry,aconfigurableL1cacThe(16KBor48KB)andunifiedL2cacThe

(768KB)isimplemented.InearlierarcThitecturestThesTharedmemorycouldbeusedas

programmerThandledcacThememory.TTheL1cacTheandtThesTharedmemoryisallocated

witThintThesame64KBmemorysegment.TTheratiooftThesetwomemoriescanbecThosen

as16/48KBoras48/16KB.

JustliketThepreviousNVIDIAarcThitectures,aread-onlytexturecacTheisimplemented

intTheFermiarcThitecture.TThiscacTheisembeddedbetweentTheL2cacTheandALU,see

Fig.1.7

DOI:10.15774/PPKE.ITK.2016.002

.SizeoftThetexturecacTheisdevicedependentandvariesbetween6KBand8

KBpermultiprocessor. TThistypeofcacTheThasmanyadvantagesinimageprocessing.

DuringacacThefetcTh,basedontThegivencoordinates,tThecacThecircuitrycalculatestThe

memorylocationoftThedataintTheglobalmemory,ifamissisdetectedtThegeometric

neigThbourThoodoftThatdatapointisfetcThed.Usingnormalizedfloatingpointcoordinates

(insteadofintegercoordinates)tTheintermediatepointscanbeinterpolated. AlltThese

aritThmeticoperationsareforfree.

BesidetThetexturecacThetTheFermiarcThitectureThasaconstantmemorycacThe(prior

arcThitecturesThaditaswell).TThismemoryisgloballyaccessibleanditssizeis64KB.

ConstantdataarestoredintTheglobalmemoryandcacThedtThrougThadedicatedcircuitry.
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ItisdesignedforusewThentThesamedataisaccessedbymanytThreadsintTheGPU.If

manytThreadswanttoaccesstThesamedatabutacacThemissThappens,onlyoneglobal

readoperationisissued.TThistypeofcacTheisusefuliftThesame,smallamountofdatais

accessedrepeatedlybymanytThreads.IfonewouldliketostoretThisdataintThesThared

memoryandeverytThreadintThesameblockwantedtoaccesstThesamememorylocation,

tThatwouldleadtoabankconflict.TThisconflictisresolvedbyserializingtThememory

access,wThicThleadstoaseriousperformancefall.

InFermiNVIDIAintroducedtTheFMA(FusedMultiplyandAdd)[21]operationusing

subnormalfloatingpointnumbers. Earliera MAD(MultiplyandAdd)operationis

performedbyexecutingamultiplication.TTheintermediateresultistruncatedfinallytThe

additionisperformed.FMAperformstThemultiplication,andalltTheextradigitsoftThe

intermediateresultareretained. TThentTheadditionisperformedontThedenormalised

floatingnumber. TruncationisperformedintThelaststep. TThisThigThlyimprovestThe

precisionofiterativealgoritThms.

1.3.1.3 TTheKeplerThardwarearcThitecture

TTheKeplergeneration[22

DOI:10.15774/PPKE.ITK.2016.002

]ofNVIDIAGPUsThasessentiallytThesamefunctionalityas

tThepreviousFermiarcThitectureswitThsomeminordifferences. KeplerGPUsThavea

numberofSMX(Streaming Multiprocessor–eXtended)functionalunits. EacThSMX

Thas192relativelysimplein-orderexecutioncores.TTheseoperateeffectivelyinwarpsof

32tThreads,sotTheycanbetThougThtofasvectorprocessorswitThavectorlengtThof32.To

avoidpoorperformanceduetotThedelaysassociatedwitThaccessingtThegrapThicsmemory,

tTheGPUdesignisTheavilymulti-tThreaded,witThupto2048tThreads(or64warps)running

oneacThSMXsimultaneously;wThileonetThreadinawarpwaitsfortThecompletionofan

instruction,executioncanswitcThtoadifferenttThreadintThewarpwThicThThastThedatait

requiresforitscomputation.EacThtThreadThasitsownsThare(upto25532bitregisters)

oftTheSMX’sregisters(6553632bitregisters)toavoidtThecontext-switcThingoverThead

usuallyassociatedwitThmulti-tThreadingonasinglecore. EacThSMXThasalocalL1

cacThe,andalsoasTharedmemorywThicThenablesdifferenttThreadstoexcThangedata.TThe

combinedsizeoftTheseis64kB,witThtTherelativesplitcontrolledbytTheprogrammer.

TThereisalsoarelativelysmall1.5MBglobalL2cacThewThicThissTharedbyallSMXunits.
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Figure1.7: KeplerandFermi memoryThierarcThyaccordingto[22]. TThegeneralpurpose
read-onlydatacacTheisknownonFermiarcThitecturesastexturecacThe,asThistoricallyitwas

onlyusedtoreadtexturesfromglobalmemory.

1.3.2 CPU:TTheIntelSandyBridgearcThitecture

TTheIntelSandyBridge[23,24]CPUcoresareverycomplexout-of-order,sThallow-

pipelined,lowlatencyexecutioncores,inwThicThoperationscanbeperformedinadif-

ferentordertotThatspecifiedbytTheexecutablecode. TThison-tThe-flyre-orderingis

performedbytTheThardwaretoavoiddelaysduetowaitingfordatafromtThemainmem-

ory,butisdoneinawaytThatguaranteestThecorrectresultsarecomputed.EacThCPU

corealsoThasanAVX[25

DOI:10.15774/PPKE.ITK.2016.002

]vectorunit.TThis256-bitunitcanprocess8singleprecisionor

4doubleprecisionoperationsattThesametime,usingvectorregistersfortTheinputsand

output.Forexample,itcanaddormultiplytThecorrespondingelementsoftwovectors

of8singleprecisionvariables.ToacThievetTheThigThestperformancefromtTheCPUitis

importanttoexploittThecapabilitiesoftThisvectorunit,buttThereisacostassociated

witThgatTheringdataintotThevectorregisterstobeworkedon.EacThcoresownsanL1

(32KB)andanL2(256KB)levelcacTheandtTheyalsoownaportionoftThedistributed

L3cacThe.TThesedistributedL3cacThesareconnectedwitThaspecialringbustoforma

large,usually15-35MBL3orLLC(LastLevelCacThe).CorescanfetcThdatafromtThe

cacTheofanotThercore.
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1.3.3 MIC:TTheIntelKnigThtsCornerarcThitecture

TTheIntelKnigThtsCorner[26] MICarcThitectureontTheIntelXeonPThicardisIntel’s

HPCcoprocessoraimedtoacceleratecomputeintensiveproblems.TThearcThitectureis

composedof60individualsimple,in-order,deep-pipelined,ThigThlatency,ThigThtThrougTh-

putCPUcoresequippedwitTh512-bitwidefloatingpointvectorunitswThicThcanprocess

16singleprecisionor8doubleprecisionoperationsattThesametime,usingvectorregis-

tersforinputsandoutput.LowlevelprogrammingisdonetThrougThtTheKNC(orIMCI)

instructionsetinassembly. TThisarcThitecturefacesmostlytThesameprogrammability

issuesastTheXeonCPU,altThougThduetotThein-orderexecutiontTheconsequencesof

inefficienciesintThecodecanresultinmoreserverperformancedeficit.TTheMICcopro-

cessorusesasimilarcacThingarcThitectureastTheSandyBridgeXeonCPUbutThasonly

twolevels:L1witTh32KBandtThedistributedL2witTh512KB/core.

1.3.4 FPGA:TTheXilinxVirtex-7arcThitecture

FPGA(FieldProgrammableGateArray)devicesThavealongThistorystemmingfromtThe

needtocustomizetThefunctionalityoftTheICdesignondemandaccordingtotTheneedsof

acustomer,asopposedtoASIC(ApplicationSpecificIntegratedCircuit)designwThere

tThefunctionalityisfixedintTheIC.AnFPGATholdsanarrayofCLB(ConfigurableLogic

Block),blockmemories,customizeddigitalcircuitryforaritThmeticoperations(eg.DSP

slices)andreconfigurableinterconnect,wThicThconnectsalltTheseunits. TThefunction-

ality(ie.tThedigitalcircuitdesign)oftTheFPGAisdefinedusingtTheHDL(Hardware

DescriptionLanguage)languageslikeVHDLorVerilog. AftertThesyntThetizationof

tThecircuitfromtTheHDLdescriptiontTheFPGAisconfiguredusinganexternalsmart

source. FPGAscomeindifferentflavoursaccordingtotTheapplicationarea,sucThas

networkrouters,consumerdevices,automotiveapplicationsetc. TTheXilinxVirtex-7

FPGAfamily[27

DOI:10.15774/PPKE.ITK.2016.002

]isoptimizedforThigThperformance,tThereforeitThasalargenumber

ofDSPslicesandasignificantamountofblockRAMwThicThmakesitsuitableforHPC

applications.
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AlternatingDirectionsImplicit

solver

2.1 Introduction

LetusstarttThediscussionoftTheADIsolverswitThtThenumericalsolutionoftTheTheat

equationonaregular3Dgridofsize2563–tThedetailedsolutionisdiscussedinSection

2.2.AnADItime-marcThingalgoritThmwillrequiretThesolutionofatridiagonalsystem

ofequationsalongeacThlineintThefirstcoordinatedirection,tThenalongeacThlineintThe

seconddirection,andtThenalongeacThlineintThetThirddirection.TTherearetwoimportant

observationstomakeThere.TThefirstistThattThereare2562separatetridiagonalsolutions

ineacThpThase,andtThesecanbeperformedindependentlyandinparallel,ie.tThereis

plentyofnaturalparallelismtoexploitonmanycoreprocessors. TThesecondistThat

adatalayoutwThicThisoptimalfortThesolutioninoneparticulardirection,migThtbe

farfromoptimalforanotTherdirection. TThiswillleadustoconsiderusingdifferent

algoritThmsandimplementationsfordifferentdirections.DuetotThisnaturalparallelism

inbatcThproblems,tTheimprovedparallelismofCR(CyclicReduction)andPCR(Parallel

CyclicReduction)arenotnecessarilyadvantageousandtTheincreasedwork-loadoftThese

metThods migThtnotnecessarilypayoff.IfwetaketTheexampleofoneoftThe most

modernacceleratorcards,tTheNVIDIATeslaK40GPU,wemayconcludetThattThe12GB

devicememoryissuitabletoaccommodateaNdmultidimensionalproblemdomainwitTh

Nd=12GB/4arrays=0.75×109singleprecisiongridpoints–assuming4arrays(a,b,c

DOI:10.15774/PPKE.ITK.2016.002
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andd)arenecessarytostoreandperformin-placecomputationoftridiagonalsystem

ofequationsasinAlgoritThm1.TThismeanstThattThelengtThNalongeacThdimensionis

N= d
√
0.75×109fordimensionsd=2−4assThownonTable2.1.

d N #parallelsystems

2 27386 27386
3 908 824464
4 165 4492125

Table2.1: Numberofparallelsystemsincreasesrapidlyasdimensiondisincreased.N is
cThosentoaccommodateanNdsingleprecisionproblemdomainontTheavailable12GBofan

NVIDIATeslaK40GPU.

TTheADI(AlternatingDirectionImplicit)metThodisafinitedifferencescThemeandThas

longbeenusedtosolvePDEsinThigTherdimension. Originallyitwasintroducedby

PeacemanandRacThford[14],butmanyvariantThavebeeninventedtThrougThouttTheyears

[15,16,9]. TThemetThodreliesonfactorizationoftThespatialoperators:approximate

factorizationisappliedtotTheCrank-NicolsonscTheme. TTheerrorintroducedbytThe

factorizationissecondorderaccurateinbotThspace(O(∆x2)andtime(∆t2)).SincetThe

Crank-Nicolsonisalsosecondorderaccurate,tThefactorizationconservestTheaccuracy.

TThebenefitofusingADIinsteadofotTher(implicit)metThodsistThebetterperformance.

SplittingtTheproblemtThiswaycThangestThesparsematrixmemoryaccesspatternintoa

welldefined,structuredaccesspattern.IncaseoftTheCrank-NicolsonmetThodasparse

matrixwitThThigTh(matrix)bandwidtThThastobeThandled.

SolvingtThetridiagonalsystemscanbeperformedeitTherwitThtTheTThomas(aka.TDMA

-Tridiagonal MatrixAlgoritThm)3.2.1,CyclicReduction(CR)3.2.2,ParallelCyclic

Reduction(PCR)3.2.3,RecursiveDoubling(RD)[28]etc.Inengineeringandfinancial

applicationstTheproblemsizeisusuallyconfinedinaNdThypercubicdomain,wThereN

istypicallyintTheorderofThundreds.

2.2 SolvingtThe3DlineardiffusionPDEwitThADI

DOI:10.15774/PPKE.ITK.2016.002

TTheexactformulationoftTheADImetThodusedintThedissertationisdiscussedtThrougTh

tThesolutionofatThreedimensionallineardiffusionPDE,ie.tTheTheatdiffusionequation
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witThα=1tThermaldiffusivity,seeEq.(2.1).

∂u

∂t
=∇2u (2.1)

or
∂u

∂t
=
∂2

∂2x
+
∂2

∂2y
+
∂2

∂2z
u (2.2)

wThereu=u(x,y,z,t)anduisascalarfunctionu:R4→ R,x,y,z∈RaretThefree

spatialdomainvariablesandt∈Rfreetimedomainvariable.

Inbrief:splittingtThespatial,LaplaceoperatorisfeasiblewitThapproximatefactorization.

TTheresultisacThainoftThreesystemsoftridiagonalequationsalongtThetThreespatial

dimensionsX,YandZ.TThepartialsolutionoftThePDEalongtThedimensionXisused

tocomputetThenextpartialsolutionoftThePDEalongtTheYdimensionandtThentThe

solutionofYisusedtosolvetThepartialsolutioninZdimension.TTheformulationoftThe

solutionpresentedTherecomputestThecontribution∆uwThicThintThelaststepisadded

totThedependentvaraibleu.

TTheformulationstartswitThtTheCrank-Nicolsondiscretization,wThereabackwardand

forwardEulerdiscretizationiscombinedwitThtThetrapezoidalformulawitThequal1/2

weigThts,seeEq.(2.3). DuetotThebackwardEulerdiscretizationADIisanimplicit

metThodcentraldifferencespatialdiscretizations(Crank-Nicolsondiscretization):

un+1ijk−u
n
ijk

∆t
=
1

2

1

Th
δ2x+δ

2
y+δ

2
z u

n+1
ijk+

1

Th
δ2x+δ

2
y+δ

2
z u

n
ijk (2.3)

There(x,y,z)∈Ω={(i∗∆x,j∗∆y,k∗∆z)|i,j,k=0,..,N−1;Th=∆x=∆y=∆z},

t=n∗∆tandδ2xu
n
ijk=u

n
i−1jk−2u

n
ijk+u

n
i+1jkistThecentraldifferenceoperator.

Fromun+1ijk=u
n
ijk+∆uijkandEq.(2.3)itfollowstThat

∆uijk=λδ
2
x+δ

2
y+δ

2
z 2unijk+∆uijk (2.4)

wThereλ=∆t
Th.

∆uijk−λδ
2
x+δ

2
y+δ

2
z ∆uijk=2λδ

2
x+δ

2
y+δ

2
z u

n
ijk
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(2.5)



CThapter2.AlternatingDirectionsImplicitsolver 20

1−λδ2x−λδ
2
y−λδ

2
z ∆uijk=2λδ

2
x+δ

2
y+δ

2
z u

n
ijk (2.6)

Eq.(2.6)istransformedintoEq.(2.7)byapproximatefactorization.OnemayverifytThe

secondorderaccuracyofEq.(2.7)byperformingtThemultiplicationontTheLHS.

1−λδ2x 1−λδ2y 1−λδ2z ∆uijk=2λδ
2
x+δ

2
y+δ

2
z u

n
ijk (2.7)

TThesolutionofEq.(2.7)aboveboilsdowntoperformingapreprocessingstenciloperation

Eq.(2.8),solvingtThreetridiagonalsystemofequationsEqs.(2.9),(2.10)and(2.11)and

finallyaddingtThecontribution∆utotThedependentvariableinEq.(2.12).

u(0)= 2λδ2x+δ
2
y+δ

2
z u

n
ijk (2.8)

1−λδ2x u
(1)= u(0) (2.9)

1−λδ2y u
(2)= u(1) (2.10)

1−λδ2z ∆uijk= u(2) (2.11)

un+1ijk= unijk+∆uijk (2.12)

wThereu(0),u(1),u(2)denotetTheintermediatevaluesandnottimeinstance. Eq.(2.13)

representstThesolutionwitThtridiagonalsystemofequations.

u
(0)
ijk=2λ u

n
i−1jk+u

n
i+1jk+

unij−1k+u
n
ij+1k+

unijk−1+u
n
ijk+1

−6unijk

axijku
(1)
i−1jk+b

x
ijku

(1)
ijk+c

x
ijku

(1)
i+1jk=u

(0)
ijk

ayijku
(2)
ij−1k+b

y
ijku

(2)
ijk+c

y
ijku

(2)
ij+1k=u

(1)
ijk

azijk∆uijk−1+b
z
ijk∆uijk+c

z
ijk∆uijk+1=u

(2)
ijk

un+1ijk=u
n
ijk+∆uijk
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(2.13)
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NotetThattThesuperandsubscriptindicesofcoefficientsa,bandc

DOI:10.15774/PPKE.ITK.2016.002

meantThattThecoef-

ficientsarestoredinacubicdatastructure.
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ScalarTridiagonalSolverson

Multiand ManyCore

ArcThitectures

3.1 Introduction

Scalartridiagonalsolversareusedin manyapplicationsinscience,engineeringand

finance,usuallyaspartofmorecomplexsolverslikeimplicitlinesmootThersorADI

solversetc.ApplicationcasesaredetailedinSection1.2.1.BeforediscussingtThespecific

implementationsondifferentarcThitectures,wereviewanumberofdifferentalgoritThms

forsolvingtridiagonalsystems,anddiscusstTheirpropertiesintermsoftThenumberof

floatingpointoperationsandtTheamountofmemorytrafficgenerated. ResearcThThas

beenconductedby[29,30]tosolvetridiagonalsystemofequationsonGPUs. TThe

RecursiveDoublingalgoritThmThasbeendevelopedby[31].Earlierworkby[32,33,34,

35,36]ThasdecomposedalargertridiagonalsystemintosmalleronestThatcanbesolved

independently,inparallel.TThealgoritThmsdescribedintThefollowingsubsectionsaretThe

keybuildingblocksofaThigThperformanceimplementationofatridiagonalsolver. We

introducetThetridiagonalsystemofequationsassThownonEq.(3.1)orinitsmatrix

formsThownonEq.(3.2)andEq.(3.3).

aiui−1+biui+ciui+1=di,i=0,1,...,N−

DOI:10.15774/PPKE.ITK.2016.002

1 (3.1)
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












b0 c0 0 0 ··· 0

a1 b1 c1 0 ··· 0

0 a2 b2 c2 ··· 0
...
...
...

...
...

...

0 0 0 ··· aN−1 bN−1



























u0

u1

u2
...

uN−1














=














d0

d1

d2
...

dN−1














(3.2)

Au=d (3.3)

wTherea0=cN−1=0,AiscalledtThetridiagonalmatrix,uistTheunknownanddistThe

RHS(RigThtHandSide).

3.2 TridiagonalalgoritThms

IntThissectiontThestandardalgoritThmslikeTThomas,PCR(ParallelCyclicReduction)

andCR(CyclicReduction)arepresentedalongwitThanewThybridTThomas-PCRalgo-

ritThmwThicThistThecombinationoftTheTThomasandtThePCRalgoritThms.

3.2.1 TThomasalgoritThm

TTheTThomasalgoritThm[37]isasequentialalgoritThmwThicThisdescribedin[38].Itisa

specializedversionofGaussianeliminationtotThecaseinwThicThtThematrixistridiagonal.

TThealgoritThmThasaforwardpassinwThicThtThelowerdiagonalelementsaiareeliminated

byaddingamultipleoftTherowabove.TThisistThenfollowedbyareversepasstocompute

tThefinalsolutionusingtThemodifiedcivalues.InbotThpassestThediisalsomodified

accordingtotTherowoperations.

TThederivationoftTheTThomasalgoritThmistThefollowing.SupposeGaussianelimination

ofai-sisalreadydoneandtTheequationsarenormalizedwitThbi,tThenweThaveEq.(3.4).

ui+c
∗
iui+1=d

∗
i i=0,...,N−1 (3.4)

wTherec∗iandd
∗
iareassumedtobeunknownsfornow.SubstitutingEqs.(3.5)intotThe

originalequationEq.(3.1)wegetEq.(3.6

DOI:10.15774/PPKE.ITK.2016.002
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ui=−c
∗
iui+1+d

∗
i

ui−1=−c
∗
i−1ui+d

∗
i−1

i=0,...,N−1

(3.5)

ai(−c
∗
i−1ui+d

∗
i−1)+biui+ciui+1=di

(bi−aic
∗
i−1)ui+ciui+1=di−aid

∗
i−1

ui+
ci

bi−aic∗i−1
ui+1=

di−aid
∗
i−1

bi−aic∗i−1
u

(3.6)

ALGORITHM1:TThomasalgoritThm

Require: tThomas(a,b,c,d)

1:d∗0:=d0/b0

2:c∗0:=c0/b0

3:fori=1,...,N−1do

4: r:=1/(bi−aici−1)

5: d∗i:=r(di−aidi−1)

6: c∗i:=rci

7:endfor

8:dK−1:=d
∗
K−1

9:fori=N−2,...,0do

10: di:=d
∗
i−c

∗
idi+1

11:endfor

12:return d

TThefullTThomasalgoritThmwitThin-placesolution(RHSvectorisoverwritten)isgiven

inAlgoritThm1

DOI:10.15774/PPKE.ITK.2016.002

. NotetThattThisdoesnotperformanypivoting;itisassumedtThema-

trixisdiagonallydominant,oratleastsufficientlyclosetodiagonaldominancesotThat

tThesolutioniswell-conditioned.Floatingpointmultiplicationandaddition,aswellas

FMA(FusedMultiplyandAdd)ThavetThesameinstructiontThrougThputonalmostevery

Thardware.Also,tTheuseofFMAisconsideredtobeacompileroptimizationfeatureand

tThereforeoptimisticcalculationsbasedontThisinstructiongiveagoodlowerestimateon

tThenumberofactualinstructionuses.IntThefollowingdiscussiontTheFMAinstruction



CThapter3.ScalarTridiagonalSolversonMultiandManyCoreArcThitectures 25

isusedastThebasisofestimatingtTheworkcomplexityoftThealgoritThm. TThecompu-

tationalcostperrowisapproximatelytThreeFMAoperations,onereciprocalandtwo

multiplications.IfwetreattThecostoftThereciprocalasbeingequivalenttofiveFMAs

(wThicThistTheapproximatecostonaGPUforadoubleprecisionreciprocal),tThentThe

totalcostisequivalentto10FMAspergridpoint.

OntTheotTherThand,tThealgoritThmrequiresattTheminimumtTheloadingofai,bi,ci,di,

andtThestoringoftThefinalanswerdi. Worsestill,itmaybenecessarytostoretThe

c∗i,d
∗
icomputedintTheforwardpass,andtThenreadtThembackduringtThereversepass.

TThissThowstThattTheimplementationoftThealgoritThmislikelytobememory-bandwidtTh

limited,becausetThereareveryfewoperationspermemoryreference. TThus,wThenus-

ingtTheTThomasalgoritThmitwillbecriticaltoensuretThemaximumpossiblememory

bandwidtTh.

3.2.2 CyclicReduction

BunemandescibedfirsttThetThecycliceven-oddalgoritThm[39](alsoknownascyclic

reduction)fortThesolutionoftridiagonalsystemofequations. AcomparisonontThe

aritThmeticcomplexityoftThecyclicreductionandotTheralgoritThmsisstudiedin[40].

ConsidertThealgebraicformulationoftThesystemoftridiagonalsystemofequationsas

Eq.(3.7),wThicThassumestThattTheequationisnormalizedbybnandcoefficientsanand

cnarenegated.

−anun−1+un−cnun+1=dn n=0,...,N−1 (3.7)

CRThastwopThases,aforwardandabackwardpass.EacThpasstakesO(log(N))stepsto

perform.AlltogetThertTheCRalgoritThmtakes2×O(log(N))stepstofinisTh.TTheforward

passisperformedtThefollowingway:foreacThevennrow(equation)addantimesrow

n−1andcntimesrown+1,seeEq.(3.8).

−anan−1un−2+(1−ancn−1−cnan+1)un−cncn+1un+2=dn+andn−1+cndn+1

n=0,2,4,...
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OncetTheconstanttermsoftTheexpressioninEq.(3.8)isnormalized,wegetanew

tridiagonalsystemofequationEq.(3.9)witThnewconstantcoefficients.

−a∗nun−2+un−c
∗
nun+2=d

∗
n

a∗n=
anan−1

(1−ancn−1−cnan+1)

c∗n=
anan+1

(1−ancn−1−cnan+1)

n=2,4,...

(3.9)

TThestepsoftTheforwardpassarerepeateduntiltTheresultingsystemsizereducestoa

singleexpression.IntThebackwardpasstTheknownvaluesareback-substitutedtotThe

equationsandtTheresultsareacquired.DuetotThelackofpivotingdiagonaldominance

isastrictcriteriaoftThealgoritThmforstability.

3.2.3 ParallelCyclicReduction

HistoricallytThePCRalgoritThmstemsfromtTheCRalgoritThm,butitThasaThigTherpar-

allelefficiency.IneacThoftTheO(log(N))stepstTheCRalgoritThmcreatesasinglenew

tridiagonalsystemtThatistwotimessmallertThantThepreviousone. TThePCRontThe

otTherThandcreatestwonewtridiagonalsystems(botThforoddandevenindicesofun-

knowns)ineacThoftTheO(log(N))stepstThatistwotimessmallertThantThepreviousone.

TThemaindifferenceistThatbytTheendoftTheforwardsweeptThePCRisdonewitThtThe

computation,wThereastTheCRstillThastousetThecomputedvaluestosolvetThesystem

intThebackwardsweep. TTheoveralladvantageoftThePCRalgoritThmistThatalltThe

processorscomputingtThesolutionareactiveineacThoftTheO(log(N))stepsasopposed

totTheCRalgoritThm.

PCR[41
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]isaninTherentlyparallelalgoritThmwThicThisidealwThenusingmultipleexecution

tThreadstosolveeacThtridiagonalsystem.
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ALGORITHM2:PCRalgoritThm

Require: pcr(a,b,c,d)

1:forp=1,...,Pdo

2: s:=2p−1

3: fori=0,...,N−1do

4: r:=1/(1−a
(p−1)
i c

(p−1)
i−s −c

(p−1)
i a

(p−1)
i+s )

5: a
(p)
i :=−ra

(p−1)
i a

(p−1)
i−s

6: c
(p)
i :=−rc

(p−1)
i c

(p−1)
i+s

7: d
(p)
i :=r(d

(p−1)
i −a

(p−1)
i d

(p−1)
i−s −c

(p−1)
i d

(p−1)
i+s )

8: endfor

9:endfor

10:return d(P)

IfwestartwitThtThesametridiagonalsystemofequations,butnormalizedsotThatbi=1,

aiui−1+ui+ciui+1=di,i=0,1,...,N−1,

witTha0=cN−1=0,tThensubtractingtTheappropriatemultiplesofrowsi±1,and

re-normalising,gives

aiui−2+ui+ciui+2=di,i=0,1,...,N−1,

witTha0=a1=cN−2=cN−1=0. RepeatingtThisbysubtractingtTheappropriate

multiplesofrowsi±2gives

aiui−4+ui+ciui+4=di,i=1,2,...,N,

witThaj=cN−1−j=0for0≤j<4.

AfterPsucThsteps,wTherePistThesmallestintegersucThtThat2P≥N,tThenalloftThe

modifiedaandccoefficientsarezero(sinceotTherwisetThevalueofuiwouldbecoupled

totThenon-existentvaluesofui±2P)andsoweThavetThevalueofui.

TThePCRalgoritThmisgiveninAlgoritThm2. NotetThatanyreferencetoavaluewitTh

indexjoutsidetTherange0≤j<Ncanbetakentobezero;itismultipliedbya

zerocoefficientsoaslongasitisnotanIEEEexceptionvalue(sucThasaNaN)tThen

anyvalidfloatingpointvaluecanbeused.IftThecomputationswitThineacThstepare

performedsimultaneouslyforalli,tThenitispossibletoreusetThestoragesotThata(p
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andc(p+1) areTheldintThesamestorage(e.g.tThesameregisters)asa(p)andc(p). TThe

computationalcostperrowisapproximatelyequivalentto14FMAsineacThstep,sotThe

totalcostpergridpointis14log2N.TThisisclearlymucThgreatertThantThecostoftThe

TThomasalgoritThmwitTh10FMA,buttThedatatransferto/fromtThemainmemorymay

beloweriftThereisnoneedtostoreandreadbacktThevariousintermediatevaluesoftThe

aandccoefficients.

3.2.4 HybridTThomas-PCRAlgoritThm

AsnotedearlierCRisasligThtlydifferentalgoritThmfromPCRinwThicThtTheptThpassof

tTheAlgoritThm2isperformedonlyfortThoseiforwThicThimod2p=0. TThisgivestThe

forwardpassoftThePCRalgoritThm;tThereistThenacorrespondingreversepasswThicTh

performstThebacksolve.TThisinvolvesfewerfloatingpointoperationsoverall,buttThere

islessparallelismonaverageanditrequirestwiceasmanystepssoitisslowertThan

PCRwThentTherearemanyactivetThreads. Hence,tThePCRalgoritThmisusedintThe

ThybridmetThod.

TTheThybridalgoritThm–developedspecificallyforGPUarcThitectures–isacombinationof

amodifiedTThomasandPCRalgoritThms.SomeThybridalgoritThmsThavebeendeveloped

overtTheyearswitThdifferentapplicationaims,like[32]wThodecomposedtridiagonal

systemsinanuppertridiagonalformtobesolvedmultipleRHS.TTheslidesof[42]sThow

tThattThePCRalgoritThmcanbeusedtodividealargersystemintosmalleroneswThicThcan

besolvedusingtTheTThomasalgoritThm.ItissThowntThatalargersystemcanbedivided

intosmalleronesusingamodifiedTThomasalgoritThmandtThewarplevelPCRcanbeused

tosolvetTheremainingsystem.TThecompletecomputationwitThtThepresentedalgoritThms

canbedoneinregistersusingtThe sThfl()instructionsintroducedintTheNVIDIAKepler

GPUarcThitecture.IntThecaseoftTheTThomassolverintermediatevaluesc∗iandd
∗
i
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Thad

tobestoredandloadedinmainmemory. WitThtTheThybridalgoritThmtTheinputdatais

readonceandoutputiswrittenoncewitThouttTheneedtomoveintermediatevaluesin

globalmemory.TThereforetThisalgoritThmallowsanoptimalimplementation.
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ALGORITHM3:FirstpThaseofThybridalgoritThm

Require: ThybridFW(a,b,c,d)

1:d0:=d0/b0

2:a0:=a0/b0

3:c0:=c0/b0

4:fori=1,...,M−2do

5: r:=1/(bi−aici−1)

6: di:=r(di−aidi−1)

7: ai:=−raiai−1

8: ci:=rci

9:endfor

10:fori=M−3,...,1do

11: di:=di−ciui+1

12: ai:=ai−ciai+1

13: ci:=−cici+1

14:endfor

ALGORITHM4:MiddlepThase:modifiedPCRalgoritThm.

Require: pcr2(a,b,c,d)

1:fori=1:2:N−1do

2: r=1/(1−a
(0)
i c

(0)
i−1−c

(0)
i a

(0)
i+1)

3: d
(1)
i =r(d

(0)
i −a

(0)
i d

(0)
i−1−c

(0)
i d

(0)
i+1)

4: a
(1)
i =−ra

(0)
i a

(0)
i−1

5: c
(1)
i =−rc

(0)
i c

(0)
i+1

6:endfor

7:forp=1,...,Pdo

8: s:=2p

9: fori=1:2:N−1do

10: r=1/(1−a
(p−1)
i c

(p−1)
i−s −c

(p−1)
i a

(p−1)
i+s )

11: d
(p)
i =r(d

(p−1)
i −a

(p−1)
i d

(p−1)
i−s −c

(p−1)
i d

(p−1)
i+s )

12: a
(p)
i =−ra

(p−1)
i a

(p−1)
i−s

13: c
(p)
i =−rc

(p−1)
i c

(p−1)
i+s

14: endfor

15:endfor

16:fori=1:1:N−1do

17: d
(P)
i =d

(P−1)
i −a

(P−1)
i d

(P−1)
i −c

(P−1)
i d

(P−1)
i+1

18:endfor

19:return d(P)
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ALGORITHM5:LastpThase:solvefortTheremainingunknowns.

Require: Thybrid1b(a,b,c,d)

1:fori=1,...,M−1do

2: di:=di−aird0−cidM−1

3:endfor

SupposetThetridiagonalsystemisbrokenintoanumberofsectionsofsizeM (sThowin

Figure3.1),eacThofwThicThwillbeThandledbyaseparatetThread. WitThineacThoftThese

pieces,usinglocalindicesrangingfrom0toM−1,asligThtmodificationtotTheTThomas

algoritThm(sThowninAlgoritThm3)operatingonrows1toM−2enablesonetoobtain

anequationoftTheform

aiu0+ui+ciuM−1=di, i=1,2,...,M−2 (3.10)

expressingtThecentralvaluesasalinearfunctionoftThetwoendvalues,u0anduM−1.TThe

forwardandbackwardpThasesoftThemodifiedTThomasalgoritThmaresThownonFigure

3.2and3.3.Usingequation3.10fori=1,M−2toeliminatetTheu1anduM−2entries

intTheequationsforrows0andM−1,leadstoareducedtridiagonalsystem(sThown

inFigure3.3)ofequationsinvolvingtThefirstandlastvariableswitThineacThsection.

TThisreducedtridiagonalsystemcanbesolvedusingPCRusingAlgoritThm4,andtThen

AlgoritThm5givestTheinteriorvalues.

IntThelastpThasetThesolutionoftTheinteriorunknownsusingtTheouteri=0andi=M−1

valuesneedstobecompletedwitThAlgoritThm5.

WThentThereare32CUDAtThreadsand8unknownspertThreadtThecostisapproximately

14FMAsperpoint,about40%moretThantThecostoftTheTThomasalgoritThm. TThe

datatransfercostdependsonwThetThertTheseintermediatecoefficientsai,ci,dineedto

bestoredintThemainmemory.IftTheydo,tThenitisagainmorecostlytThantTheTThomas

algoritThm,butifnottThenitislesscostly. WeneedtoaddtThistotThecostoftThePCR

solution.TTherelativesizeoftThisdependsontTheratio(log2N)/M. WewilldiscusstThis

inmoredetaillater.

TTheThybridTThomas-PCRsolverisvalidatedagainsttTheTThomassolverbycomputing

tTheMSE(MeanSquareError)betweentThetwosolutions.TTheresultssThowMSEerror

intTheorderof10−9insingleprecisionand10−18
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indoubleprecision.
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Figure3.1:StartingstateoftTheequationsystem.0valuesoutsidetThebararepartoftThe
equationsystemandtTheyareneededfortThealgoritThmandimplementation.
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Figure3.2: StateoftTheequationsystemaftertTheforwardsweepoftThemodifiedTThomas
algoritThm.
























1 c∗0
a∗1 1 c∗1
a∗2 1 c∗2
a∗3 1 c∗3

a∗4 1 c∗4
a∗5 1 c∗5
a∗6 1 c∗6
a∗7 1 c∗7

a∗8 1 c∗8
a∗9 1 c∗9
a∗10 1 c∗10
a∗11 1















































u0
u1
u2
u3
u4
u5
u6
u7
u8
u9
u10
u11
























=
























d∗0
d∗1
d∗2
d∗3
d∗4
d∗5
d∗6
d∗7
d∗8
d∗9
d∗10
d∗11
























Figure3.3:
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StateoftTheequationsystemaftertThebackwardsweepoftThemodifiedTThomas
algoritThm.BoldvariablessThowtTheelementsoftThereducedsystemwThicThistobesolvedwitTh

tThePCRalgoritThm.
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Figure3.4:Datalayoutof3Dcubedata-structure.

3.3 Datalayoutin memory

KnowledgeoftThedatalayoutandtTheaccesspatternsoftTheexecutedcodewitThvarious

algoritThmsisessentialtounderstandtTheacThievedperformance.TakingtTheexampleof

a3DapplicationsThownonFigure3.4,eacThoftThecoefficientsarraysisa3Dindexed

arraywThicThismatThematicallyoftTheformui,j,k.Ie.eacTharraysa,b,c,danduare

storedinaseparatecubicdataarray.

HowevertThisisstoredinmemoryasalineararrayandsowerequireamappingfrom

tTheindexset(i,j,k)toalocationinmemory.IftThearrayThasdimensions(Nx,Ny,Nz),

wecThoosetousetThemapping:

index=i+jNx+kNxNy.

TThis meanstThatifweperformaTThomasalgoritThmsolutionintThefirstcoordinate

direction,tThenconsecutiveelementsoftThesametridiagonalsystemarecontiguousin

memory.OntTheotTherThand,intThesecondcoordinatedirectiontTheyareaccessedwitTh

astrideofNx,andintThetThirddirectiontThestrideisNxNy
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.TThisdatalayoutextends

naturallytoapplicationswitThThigThernumberofdimensions.

TounderstandtTheconsequencesoftThislayoutandaccesspattern,itisalsonecessary

tounderstandtTheoperationoftThecacThememoryThierarcThy. TThememorybuswThicTh

transfersdatafromtThemainmemory(orgrapThicsmemory)totTheCPU(orGPU)does
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soincacThelineswThicThThaveasizeusuallyintTherangeof32-128bytes. TThesecacThe

linesareTheldintThecacTheThierarcThyuntiltTheyaredisplacedtomakeroomforanew

cacTheline.OnedifferencebetweenCPUsandGPUsistThatCPUsThavealotmorecacThe

memorypertThread,andsocacThelinesareusuallyresidentforlonger.

TTheeffectivenessofcacThesdependsontwokindsoflocality:1)temporallocality,wThicTh

meanstThatadataitemwThicThThasbeenloadedintotThecacTheislikelytobeusedagain

intThenearfuture;2)spatiallocality,wThicThmeanstThatwThenacacThelineisloadedto

provideoneparticularpieceofdata,tThenitislikelytThatotTherdataitemsintThesame

cacThelinewillbeusedintThenearfuture. Anextremeexampleofspatiallocalitycan

occurinaGPUwThenasetof32tThreads(knownasawarp)eacThloadonedataitem.If

tThese32itemsformacontiguousblockofdataconsistingofoneormorecacThelinestThen

tThereisperfectspatiallocality,witThtTheentirelineofdatabeingused.TThisisreferred

toasacoalescedreadorwrite.See[20]forfurtTherdetails.

Alignedmemoryaccessforefficientdatatransfer[43],[26],[20],TLB(TranslationLooka-

sideBuffer)[43],[44]ThitratereductionforlowercacThelatencyareamongtThetecThniques

usedtoreduceexecutiontime. AvoidingcacTheandTLBcacThetThrasThing[43]canbe

donebyproperpaddingwThicThistTheresponsibilityoftTheuseroftThelibrary.

3.4 NotableThardwarecTharacteristicsfortridiagonalsolvers

ProcessorsusedintThepresentstudyincludeaThigTh-end,dualsocketIntelXeonserver

CPU,IntelXeonPThicoprocessorandNVIDIAK40mGPU.Processorspecifications

arelistedintTheAppendixA.1
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. CPUsoperatewitThfast,Theavy-weigThtcores,witTh

largecacThe,out-of-orderexecutionandbrancThprediction. GPUsontTheotTherThand

useligThtweigTht,in-order,ThardwaretThreadswitThmoderate,butprogrammablecacThing

capabilitiesandwitThoutbrancThprediction.

TTheCPUcoresareverycomplexout-of-order,sThallow-pipelined,lowlatencyexecution

cores,inwThicThoperationscanbeperformedinadifferentordertotThatspecifiedbytThe

executablecode.TThison-tThe-flyre-orderingisperformedbytTheThardwaretoavoiddelays

duetowaitingfordatafromtThemainmemory,butisdoneinawaytThatguaranteestThe

correctresultsarecomputed.EacThCPUcorealsoThasanAVXvectorunit.TThis256-bit

unitcanprocess8singleprecisionor4doubleprecisionoperationsattThesametime,
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usingvectorregistersfortTheinputsandoutput.Forexample,itcanaddormultiply

tThecorrespondingelementsoftwovectorsof8singleprecisionvariables. ToacThieve

tTheThigThestperformancefromtTheCPUitisimportanttoexploittThecapabilitiesoftThis

vectorunit,buttThereisacostassociatedwitThgatTheringdataintotThevectorregisters

tobeworkedon.EacThcoresownsanL1(32KB)andanL2(256KB)levelcacTheand

tTheyalsoownaportionoftThedistributedL3cacThe. TThesedistributedL3cacThesare

connectedwitThaspecialringbustoformalarge,usually15-35MBL3orLLC(Last

LevelCacThe).CorescanfetcThdatafromtThecacTheofanotThercore.

TTheXeonPThior MIC(ManyIntegratedCore)isIntel’sHPCcoprocessoraimedto

acceleratecomputeintensiveproblems. TThearcThitectureiscomposedof60individual

simple,in-order,deep-pipelined,ThigThlatency,ThigThtThrougThputCPUcoresequipped

witTh512-bitwidefloatingpointvectorunitswThicThcanprocess16singleprecisionor

8doubleprecisionoperationsattThesametime,usingvectorregistersforinputsand

output. TThisarcThitecturefacesmostlytThesameprogrammabilityissuesastTheXeon

CPU,altThougThduetotThein-orderexecutiontTheconsequencesofinefficienciesintThe

codecanresultinmoreserverperformancedeficit.TTheMICcoprocessorusesasimilar

cacThingarcThitectureastTheXeonCPUbutThasonlytwolevels:L1witTh32KBandtThe

distributedL2witTh512KB/core.TTheIMCIISAusedontTheMICisequippedwitThFMA

instructionwThicThisbeneficialfortridiagonalsolversaswellasmanyotTherapplications.

TTheKeplergenerationofNVIDIAGPUsThaveanumberofSMX(Streaming Multi-

processor–eXtended)functionalunits. EacThSMXThas192relativelysimplein-order

executioncores.TTheseoperateeffectivelyinwarpsof32tThreads,sotTheycanbetThougTht

ofasvectorprocessorswitThavectorlengtThof32. Toavoidpoorperformancedueto

tThedelaysassociatedwitThaccessingtThegrapThicsmemory,tTheGPUdesignisTheavily

multi-tThreaded,witThupto2048tThreads(or64warps)runningoneacThSMXsimulta-

neously;wThileonetThreadinawarpwaitsfordata,executioncanswitcThtoadifferent

tThreadintThewarpwThicThThastThedataitrequiresforitscomputation.EacThtThreadThas

itsownsThare(upto25532bitregisters)oftTheSMX’sregisters(6553632bitregisters)

toavoidtThecontext-switcThingoverTheadusuallyassociatedwitThmulti-tThreadingona

singlecore.EacThSMXThasalocalL1cacThe,andalsoasTharedmemorywThicThenables

differenttThreadstoexcThangedata.TThecombinedsizeoftTheseis64kB,witThtTherelative

splitcontrolledbytTheprogrammer. TThereisalsoarelativelysmall1.5MBglobalL2

cacThewThicThissTharedbyallSMXunits.
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3.5 CPUand MICsolution

IntThepresentsectiontTheCPUandMICsolutionsaredescribed.TTheMICimplemen-

tationisessentiallytThesameastTheCPUimplementationwitThsomeminordifferences

intermsoftTheavailableISA(InstructionSetArcThitecture).TTheZMM(512bitswide

MultiMediaregister)vectorregistersare512bitwidetThereforetTheyallowThandling8x8

doubleprecisionor16x16singleprecisiondatatransposition.

ToThaveanefficientimplementationoftTheTThomasalgoritThmrunningonaCPU,com-

pilerauto-vectorizationandsingletThread,sequentialexecutionisnotsufficient. To

exploittThepowerofa multi-coreCPUtThevectorinstructionsettogetTherwitThtThe

multi-tThreadedexecutionneedstobefullyutilized.Unfortunately,compilerstodayare

notalwayscapableofmakingfulluseoftThevectorunitsofaCPUeventThougThtThe

instructionsetwouldmakeitfeasible.Often,algoritThmicdatadependenciesandexecu-

tionflowcanpreventtThevectorizationofaloop.UsuallytTheseconditionsarerelatedto

tThedataalignment,layoutanddatadependenciesintThecontrolflowgrapTh.SucThcon-

ditionsarelive-outvariables,inter-loopdependency,non-alignedarray,non-contiguous

data-accesspattern,arrayaliasing,etc.IftThealignmentofarrayscannotbeproven

atcompiletime,tThenspecialvectorinstructionswitThunalignedaccesswillbeusedin

tTheexecutablecode,andtThisleadstoasignificantperformancedeficit.Ingeneral,tThe

largestdifferencebetweentThevectorlevelparallelismoftTheCPUandGPUaretThedif-

ferencesThowtTheactualparallelismisexecuted.IntThecaseoftTheCPUandMICcode

tThecompilerdecidesThowacodesegmentcanbevectorizedwitThtTheavailableinstruction

set–tThisiscalledSIMD(SingleInstructionMultipleData)parallelism.TThecapabilities

oftTheISAinfluencestTheefficiencyoftThecompilertoaccomplisThtThistask.GPUsontThe

otTherThandleavetThevectorlevelparallelizationfortTheThardware–tThisisSIMT(Single

InstructionMultipleTThreads).Itisdecidedinrun-timebytThescThedulingunitwThetTher

aninstructioncanbeexecutedinparallelornot.Ifnot,tThantThetThreadsworkingina

group(calledawarpinCUDAterms)aredividedintoasetofidleandactivetThreads.

WThentTheactivetThreadscompletetThetask,anotThersetofidletThreadsareselectedfor

execution. TThissequentialscThedulinggoesonwThiletThereareunaccomplisThedtThreads

left.AmoredetailedstudyontThistopicintThecaseofunstructuredgridscanbefound

in[45
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SincetTheTThomasalgoritThmneedsThugedatatrafficduetotThevaryingcoefficients,one

wouldexpecttTheimplementationoftThealgoritThmtobelimitedbymemorybandwidtTh.

IfanimplementationisbandwidtThlimitedandcanbeimplementedwitThanon-brancThing

computationstreamtTheGPUissupposedtobemoreefficienttThantTheCPUduetotThe

2-4timeslargermemorybandwidtTh.But,tThisisnottrueforCPUswitThout-of-order

execution,largecacTheandsopThisticatedcacThingcapabilities. AsinglesocketCPUin

AppendixA.1Thas20MBofLLC/L3(LastLevelCacThe)persocket,8x256KBL2and

8x32KBL1CacThepersocket,wThicThisintotal40MBL3,4MBL2and512KBL1

cacThetotal.TThiscacThing/executionmecThanismmakestTheCPUefficientwThensolving

atridiagonalalgoritThmwitThtTheTThomasalgoritThm.TThetwotemporaryarrays(c∗and

d∗)canbeTheldintThiscacTheThierarcThyandreusedintThebackwardsweep. TTherefore

inputdata(a,b,candd)onlypassestThrougThtTheDDR3memoryinterfaceoncewThen

itisloadedandresultarray(u)passesoncewThenitisstored.

TThismeanstThatasysteminsingleprecisionwitTh3coefficientarrays(aRHSarrayand2

temporaryarrays)canstayinL1cacTheuptosystemlengtTh1365ifnoThardwareThyper-

tThreading(HTT)isusedorThalftThesize,namely682ifHTTisused.TTheefficiencyof

tThesolverstillremainsverygoodabovetThislevelandagradualdecreasecanbeobserved

asL2andL3getmoresignificantroleincacThing.

TThomassolverin Xdimension TThedatalayoutdescribedinSection3.3doesn’t

allowfornaturalparallelismavailablewitThAVXvectorinstructions.TTheloadingofan8-

wideSP(SinglePrecision)or4-wideDP(DoublePrecision)cThunkofarrayintoaregister

canbeaccomplisThedwitThtTheuseofmm256loadp{s,d}intrinsicortThevmovap{s,d}

assemblyinstructioniftThefirstelementoftTheregisterisonanalignedaddress,otTherwise

amm256loadup{s,d}intrinsicortThevmovup{s,d}assemblyinstructionneedstobe

used.

Unfortunately,sincetThedataintThevectorregisterbelongstoonetridagonalsystem,it

needstobeprocessedsequentially. WThentThealgoritThmacquiresavalueofacoefficient

array,tTheconsecutive7SP(or3DP)valueswillalsobeloadedintotTheL1cacThe.TThe

L1cacThelinesizeistThesameastThevectorregisterwidtThandtThereforenosavingon

tTheefficiencyoftThemainmemorytrafficcanbeacThieved.AccordingtoAppendixA.1
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tThismemorycanbeaccessedwitTh4clockcyclelatency.OnaXeonserverprocessortThis

latencyisThiddenbytTheout-of-orderexecutionunitifdatadependenciesallowit. WThen
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tTheinstructionsfollowingtThememoryloadinstructionareindependentfromtTheloaded

value–eg.tTheinstructionstocalculatetTheindexoftThenextvaluetoberead–tThe

processorcanskipwaitingfortThedatatoarriveandcontinueonwitThtTheindependent

computations. WThentThedataarrivesortTheexecutionflowreacThesaninstructiontThat

dependsontTheloadedvalue,tTheprocessorentersinidlestateuntiltThedataarrives.L1

cacThingandout-of-orderexecutionontTheCPUtThereforeenablestTheTThomasalgoritThm

intTheXdimensiontorunwitThThigThefficiency,altThougThsomeperformanceisstilllost

duetonon-vectorizedcode.

VectorizationandefficientdatareusecanbeacThievedbyapplyinglocaldatatransposi-

tion.TThislocaltranspositioncombinestTheregisterorcacTheblockingoptimizationwitTh

butterflytransposition.ButterflyorXORmatrixtranspositionusedintThedissertation

issimilartotThatdetailedinSection4.“TTheButterflyAlgoritThm”of[46].Historically

tThebutterflytranspositionwasfirstimplementedontTheConnectionMacThineandtoday

itisusedondistributedmemorysystemsimplementedwitThtTheMPI(MessagePassing

Interface)All-to-allcommunicationpattern.IftThecodeiswrittenusingintrinsicoper-

ations,tThecompilerdecideswTheretThetemporarydataisstored,eitTherinregistersor

cacThe.TTheadvantageoftThisapproacThistThatitallowsfortTheuseofvectorload/store

andaritThmeticinstructionsandvectorregisters(orL1cacThe)wThicThleadstoThigThly

efficientexecution.

TTheprocessintThecaseindoubleprecisioncoefficientarraysisdepictedonFigure3.6.

AstTheAVXYMM(256bitswide Multi Mediaregister)registersarecapableTholding

4DPvalues,4tridiagonalsystemscanbesolvedinparallel. TThefirst4valuesoftThe

4systemsareloadedandstoredin4separatevectorregistersforeacThcoefficientarray

a,betc. TThisprocedureallowsforperfectcacThelineutilizationanditisdepictedon

Figure3.6fortThefirst4x4arraycase.TThesameprocedureisappliedfortThe8x8single

precisioncasewitThoneadditionaltranspositionof4x4blocks.TTheprocessintThecase

of4x4ofarrayaistThefollowing.LoadtThefirst4valuesoftThefirsttridiagonalsystem

intoYMM0register,loadtThefirst4valuesoftThesecondtridiagonalsystemintoYMM1

registeretc.OncedataisintTheregisterperformtranspositionaccordingtoFigure3.6
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andperform4stepsoftTheTThomasalgoritThm.DotThesamefortThenext4valuesoftThe

system.RepeattThisprocedureuntiltTheendoftThesystemsarereacThed.
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Figure3.5:VectorizedTThomassolveronCPUand MICarcThitectures. Dataisloadedinto
M widevectorregistersinM steps.OnAVXM =4fordoubleprecisionandM =8forsingle
precision.OnIMCIM =8fordoubleprecisionandM =16forsingleprecision.DataistThen
transposedwitThinregistersasdescribedinFigure3.6andaftertThatM numberofiterations
oftTheTThomasalgoritThmisperformed. WThentThisisdonetTheprocedurerepeatsuntiltTheand

oftThesystemsisreacThed.

a00 a01 a02 a03
a10 a11 a12 a13
a20 a21 a22 a23
a30 a31 a32 a33

Transpose2x2blocks

Step1
a00 a01 a20 a21
a10 a11 a30 a31
a02 a03 a22 a23
a12 a13 a32 a33

Transpose1x1blocks

Step2
a00 a10 a20 a30
a01 a11 a21 a31
a02 a12 a22 a32
a03 a13 a23 a33

Figure3.6:LocaldatatranspositionofanM ×M twodimensionalarrayofM consecutive
valuesofM systems,wThereatiistTheitThcoefficientoftridiagonalsystemt.Transpositioncan
beperformedwitThM×log2M AVXorIMCIsThuffletypeinstructionssucThasswizzle,permute
andalignortTheirmaskedcounterpart. OnAVXM =4fordoubleprecisionandM =8for
singleprecision.OnIMCIM =8fordoubleprecisionandM =16forsingleprecision.

TThomassolverin YandZdimension TThedatalayoutdescribedinSection3.3

suggestsnaturalparallelexecutionwitThmm256load{u}p{s,d}loads. Unfortunately,

tThecompilerisnotabletodetermineThowtovectorizealongtThesedimensions,sinceit

cannotprovetThattTheneigThboringsolveswillaccessneigThboringelementsintThenested

forloopsoftTheforwardandbackwardpThases.NotevenIntel’selementalfunctionand

arraynotationiscapableofThandlingtThiscasecorrectly.

SincesolvingtridiagonalproblemsisinTherentlydataparallelanddatareadsfittThe

AVXloadinstructions,manualvectorizationwitThAVXintrinsicfunctionsareusedto

vectorizetThemetThod.Comparedtoascalar,multi-tThreadedimplementation,usingtThe

explicitvectorizationgivesa2.5timesspeedupindimensionYinsingleprecision.

TThevectorizedcodereads8/4consecutiveSP/DPscalarelementsintoYMMregis-

ters(m256 or m256d)fromtThemultidimensionalcoefficientarray.TTheimplemen-

tationisstraigThtforwardwitThmm256loadp{s,d}intrinsicandtThevmovap{s,d}
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as-

semblyinstructioniftThefirstelementoftTheregisterisonalignedaddressorwitTh
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mm256loadup{s,d}intrinsicandtThevmovup{s,d}assemblyinstructionwThendatais

notaligned.IncasetThelengtThalongtTheXdimensionisnotamultipleof8/4padding

isusedtoacThievemaximumperformance.AritThmeticoperationsarecarriedoutusing

mm256{add,sub,mul,div}p{s,d}intrinsics.

WThensteppingintThe Zdimensiontosolveasystem,onemayThittTheNUMA(Non-

Uniform MemoryAccess)penalty. TTheNUMApenaltyistTheconsequenceoftThreads

accessingdatainamemorydomainwThicThisnotattacThedtotTheirCPU[47,48].TThe

consequencesofccNUMA(cacThecoTherentNUMA)aretwo-fold. First,tTheLLCmiss

rateincreasessincetThevaluesofdarestillintThecacThewTheretTheyThavebeenusedtThe

lasttime.TThecoTherentcacTheisimplementedtThrougThtTheQPIbuswThicThintroducesan

extraaccesslatencywThentThecacThelineneedstobefetcThedfromadifferentsocket.LLC

cacThemissratecangouptoalevelof84.7%ofallLLC-cacTheaccessintTheZdimension.

TThesecondconsequenceistTheTLB(TranslationLookasideBuffer)misspenaltywThicTh

occurswThenelementsinanarrayareaccessedwitThlargestride. ATLBpageonly

coversa4KBrangeoftThedynamicallyallocatedmemory. OncetThedataacquiredis

outsidetThisrange,anewpageframepointerneedstobeloadedintotTheTLBcacThe.

TThelatencyofdoingtThisistThetimetakentoaccesstThemainmemoryandtimetaken

bytTheLinuxkerneltogivetThepointerandpermissiontoaccesstThatparticularpage.

3.6 GPUsolution

TTheGPUimplementationoftThetridiagonalsolverisnotasstraigThtforwardastTheCPU

solverwitThtTheTThomasalgoritThm. RegardlessoftTheunderlyingalgoritThms(TThomas

orTThomas-PCRThybrid),solvingtridiagonalsystemsisusuallyconsideredtobemem-

orybandwidtThlimited,sincetTheratiooftTheminimalamountofdatatThatneedstobe

loaded(4N)andstored(N)andtTheminimalamountofFLOPsneedtobecarriedout

is 9NFLOP
(4+1)Nvalues.9NFLOPistThetotalamountofaddition,multiplicationanddivision

witThintThetwoforloopsoftTheTThomasalgoritThm.TThisfigureiscalledtThecomputeratio

andimpliestThatforeveryloadedvaluetThisamountofcomputeneedstobeperformed.

TThisfigurealsodependsontTheSP/DPfloatingpointdataandprocessingunittThrougTh-

put.TThustTherequiredcomputeratioforsingleanddoubleprecisionis0.45FLOPbyte and

0.225FLOPbyte
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respectively.AnalgoritThmistTheoreticallyexpectedtobememorybandwidtTh
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limitediftThecomputeratiocapabilityoftThespecificThardwareexceedstThecomputera-

tiooftThealgoritThm. FortTheK40GPUtThesefiguresare16.92FLOPbyte and14.89
FLOP
byte

respectivelywThicThsuggesttThatsolvingtTheproblemwitThtThemostcompute-efficient

algoritThm–tTheTThomasalgoritThm–ismemorybound.IntThefortThcomingdiscussion

tTheaimistoimprovetThisbottleneckandacThieveThigThmemoryutilizationwitThsuitable

accesspatternsandreducedmemorytraffic.

GlobalmemoryloadontTheGPUposesstrictconstraintsontTheaccesspatternsusedto

solvesystemsofequationsonamultidimensionaldomain.TThedifferencewitThregards

toCPUscomesfromtThewaySIMTtThreadlevelparallelismprovidesaccesstodatain

tThememory.Solversusingunit-strideaccesspattern(alongtTheXdimension)andtThe

long-stridedaccesspattern(alongYandThigTherdimensions)needtobedistinguisThed.

TTheformerisexplainedinSection3.6.1wThiletThelatterisexplainedinSection3.6.2.

TThememoryloadinstructionsareissuedbytThreadswitThintThesamewarp.Inorder

toutilizetThewThole32(or128)bytecacThelinetThreadsneedtousealltThedataloaded

bytThatline.AttThispointweneedtodistinguisThbetweentThetwoefficientalgoritThms

discussedintThedissertationforsolvingtridiagonalproblemsalongtTheX dimension,

becausetThetwoneedsdifferentoptimizationstrategies.TThesealgoritThmsare

1.TThomasalgoritThmwitThoptimizedmemoryaccesspattern,detailedinSections

3.6.1

2.TThomas-PCRThybridalgoritThm,detailedinSection3.6.3

3.6.1 TThomasalgoritThmwitThoptimized memoryaccesspattern

TTheoptimizationisperformedontTheTThomasalgoritThm,wThicThisdetailedinSection

3.2.1. TTheproblemwitThtThepresentedsolveristwo-fold:1)tTheaccesspatternalong

dimensionX isdifferentfromtThepatternalongdimensionsYandThigTher;2)inX
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dimensiontTheactualdatatransferismoretThantThetTheoreticallyrequiredlowerlimit.

IntThissectionitissThownThowtoovercomeproblem1)andThowtooptimizetTheeffectof

2)onaGPU.InordertomaketThediscussionunambiguous,tThefocusoftThefollowing

discussionisputontThesingleprecisionalgoritThm.TThesameargumentappliesfortThe

accesspatternofdoubleprecision.
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Figure3.7:ADIkernelexecutiontimesonK40mGPU,andcorrespondingbandwidtThfigures
forX,Y andZdimensionalsolvesbasedontTheTThomasalgoritThm. SingleprecisionX
dimensionalsolveisslower×16.75tThantTheYdimensionalsolve. BandwidtThiscalculated
fromtTheamountofdatatThatsupposedtoloadedandstoredandtTheelapsedtime. HigTh
bandwidtThintThecaseofYandZdimensionalsolveisreacThedduetolocalmemorycacThing

andread-only(texture)cacThing.

TThefirstproblembecomesobviouswThenoneconsidersexecutiontimealongtThetThree

dimensionsofandADIsolutionstep,seeFigure3.7. TTheX dimensionalexecution

timeismoretThanoneorderofmagnitudelowertThantThesolutionalongtTheYandZ

dimension.TThisisduetotwofactors:1)ThigThcacTheunder-utilizationand2)ThigThTLB

tThrasThing.

TTheThigThcacThelineunderutilizationcanbeexplainedwitThtTheaccesspatternofcoeffi-

cientaiinAlgoritThm1.AwThole32bytecacThelinewitTh8SPvaluesisloadedintotThe

L2/L1ornon-coTherentcacThe,buttemporarilyonlyonevalueisusedbytThealgoritThm

beforetThecacThelineissubsequentlyevicted–tThisresultsinpoorcacThelineutilization.

TTheotThervalueswitThintThecacThelineareusedinadifferenttimeinstanceoftThesolution

process,butattThatpointtThecacThelinewillalreadybeflusThedfromtThecacThe. TThe

sameappliestoarraysb,c,d,uaswell. ToovercometThisissueoneneedstodolocal

datatranspositionwitThcacTheorregisterblockingsimilartotThatdiscussedinSection

3.5. TwosolutionstoperformtThisoptimizationareintroducedinSection3.6.1.1and

Section3.6.1.2

DOI:10.15774/PPKE.ITK.2016.002

.TTheideaoftTheseoptimizationsistoincreasecacThelineutilizationby

readingconsecutivememorylocationswitThconsecutivetThreadsintoascratcThmemory

(sTharedmemoryorregisters)andtThenredistributingtThemasneeded.

TTheissuewitThTLBtThrasThingintTheXdimensionalsolutionrelatestotThemappingof

tThreadstotTheproblem.OnemigThtmapa2dimensionaltThreadblockontTheY-Zplane
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oftThe3dimensionalADIproblem,andprocesstThesystemsalongtTheXdimension.In

tThiscasetThestartindex(indina[ind])calculationiseasy,accordingtotThefollowing

formula:

ALGORITHM6:TThecommonwayofmappingCUDAtThreadsona3Dproblem.

1:y=tThreadIdx.x

2:z=tThreadIdx.y

3:ind=z*NX*NY+y*NX

TTheproblemwitThtThismappingistThatitintroducessignificantTLB(TranslationLooka-

sideBuffer)tThrasThing.TLBisanimportantpartoftThecacTheThierarcThyineveryproces-

sorwitThvirtualmemory.AvirtualmemorypagecoversacertainsectionoftThememory,

usually4kBintThecaseofsystemswitThrelativelylowmemoryand2MB”Thugememory

page”onsystemswitThlargememory.SinceNVIDIAdoesnotrevealtThedetailsofits

cacTheandTLBmemorysubsystem,furtTherdetailsontThesupposedTLBstructurefor

tTheolderGT200arcThitecturecanbefoundin[44]. NotetThatsignificantarcThitecture

cThangesThavebeenmadesinceGT200,buttThelatencyisexpectedtobedominatedby

DRAMaccesslatency,wThicThdidnotcThangesignificantlyintThelastfewyears. TThe

problemwitThTLBtThrasThingarisesaszcThangesandwThentThedifferentcoefficientar-

raysareaccessed.TThisaccesspatterninducesreadsfromNX×NY×4bytesdistance

andevenlargerwThenreadingdifferentarrays,wThicThareNX×NY×NZapart.For

sufficientlylargedomaintThisrequirestTheloadofanewTLBpagetablepointerforevery

z.TTheTLBcacThecanonlyThandleaThandfulofpagepointers,tThusinsucThasituation

tThrasThingismoresignificant.DependingontThelevelofTLBpagemissestTheintroduced

latencyfurtTherincreases.ExplainingtThein-deptTheffectsofTLBisoutoftThescopeof

tThedissertationandtThereaderissuggestedtoread[44]formoredetails.

TThesolutionfortThisproblemissimple. OneneedstopreservedatalocalitywThen

accessingtThecoefficientsoftThesystems,bymappingtThetThreadstoalwayssolvetThe

closestneigThboringsystem. OnemaymaptThetThreadswitTha1dimensionaltThread

blockaccordingto:

ALGORITHM7:MappingtThreadstoneigThboringsystems.

1:tid=tThreadIdx.x+blockIdx.x*blockDim.x

2:ind=tid*NX
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TTheinefficiencyduetonon-coalescedmemoryaccessThasalsobeensThownontTheslidesof

[49]andaglobaltranspositionsolutionThasbeengiven.TThisessentiallymeanstThattThe

dataThasbeentransposedbeforeperformingtTheexecutionoftThetridiagonalsolveand

tThereforedataisreadandwrittenunnecessarilyduringtThetransposition.IntThedisser-

tationtwolocaldatatranspositionsolutionsaregiven,botThwThicThkeeptThedatainreg-

istersfortThetimeoftThetridiagonalsolution.TThesesolutionsworkinaregister-blocking

mannerandtThereforeavoidtTheneedoftTheloadandstoreoftTheglobaltransposition

resultinginmucThThigTherefficiency.

3.6.1.1 TThomasalgoritThmwitThlocaltransposeinsThared memory

LocaldatatransposecanbeperformedinsTharedmemoryavailableonmostGPUdevices.

TTheoptimizationisbasedonwarp-syncThronousexecution,tThereforetThereisnoneedfor

explicitsyncThronization. AltThougThawarpsizeof32isassumedintThefollowing,tThe

implementationusesmacrostodefinewarpsizeandtThusitallowsforcThangesintThe

future.TThreadswitThinawarpcooperatetoreaddataintosTharedmemory.TThedatais

tThentransposedviasTharedmemoryandstoredbackinregisters.TThetThreadsperform

8stepsoftTheTThomasalgoritThmwitThtThedatainregistersandtThenreadtThenext8

values,andsoon. MeanwThiletTheupdatedcoefficientsandintermediatevaluesc∗,d∗are

storedintThelocalmemory,wThicThautomaticallycreatescoalescedandcacThedload/store

memorytransactions. TThealgoritThmissThowninAlgoritThm8andfurtTherdetailedin

Figure3.8.

ALGORITHM8:TThomasalgoritThmwitThsTharedmemorytranspose

Forwardpass:

1:Wrapawarp(32tThreads)into4×8blockstoperformnon-cacThing(32byte)loads

2:Load32×8sizetilesintosTharedmemory:in8stepsof4×8blockloads

3:Transposedatabyputtingvaluesintofloata[8]registerarrays;

4:PerformTThomascalculationwitThtThe8valuesalongtTheXdimension

5:Repeatfromstep2untilendofXdimensionisreacThed

Backwardpass:

1:ComputebackwardstageofTThomasincThunksof8

2:Transposeresultsandstoreinglobalmemory
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TThesTharedmemoryonanNVIDIAGPUcanbeaccessedtThrougTh32banksofwidtTh

32or64bits–latteronlyapplicablefromNVIDIAComputeCapability3.0andThigTher.
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Figure3.8:LocaltransposewitThsTharedmemory.

SincetThewidtThoftTheblocktThatisstoredinsTharedmemoryis8,tThisleadstosThared

memorybankconflictsintThe3rdstepofAlgoritThm8.IntThefirstiterationtThefirst4

tThreadswillaccessbanks0,8,16,24,tThenext4tThreadswillagainaccess0,8,16,24andso

on. ToovercometThisproblemtTheleadingdimension(stride)insTharedmemoryblock

ispaddedto9insteadof8. TThiscommontrickThelpstogetridofmostoftThebank

conflicts.TThefirst4tThreadswillaccessbanks0,9,18,27,tThenext4tThreadswillaccess

banks1,10,19,28andsoon. TTheamountofsTharedmemoryutilizedfortThe4register

arraysis9∗32∗4∗4bytes/warp=4608bytes/warp.

3.6.1.2 TThomasalgoritThmwitThlocaltransposeusingregistersThuffle

Localdatatranspositioncanalsobeperformedinregistersexclusively.TThissolutionfits

recentNVIDIAGPUarcThitectures,startingwitThtTheKeplerarcThitecturewitThCompute

Capability3.0. TTheoptimizationisagainbasedonwarp-syncThronousexecutionwitTh

tTheuseof sThfl()registersThuffleintrinsicinstructions. AltThougThawarpsizeof32is

assumedintThefollowing,tTheimplementationusesCmacrosdefinitionstosetwarpsize

andtThusitallowsforfuturearcThitecturecThange.TThreadswitThinawarpcooperateto

reada32×16SPblockor32×8DPblockoftThex-yplane,ie.tThreadscooperateto

read16SPor8DPvaluesof32neigThboringsystems.Every16or8tThreadswitThintThe

warpinitiateareadoftwocacThe-lines(2×32bytes). TTheystoretThedataintotTheir

registerarraysofsize16forSPand8forDP.TTheselocalarrayswillbekeptinregisters

fortThesamereasonstThatarediscussedinSection3.6.1.1
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. Oncedataisread,tThreads

cooperativelydistributevalueswitThtTheXOR(Butterfly)transposealgoritThmusingtThe
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sThflxor()intrinsicintwosteps.OnceeverytThreadThastThedatatTheyperform16SP

or8DPstepsoftTheTThomasalgoritThmwitThtThedatainregistersandtThenreadtThe

next16SPor8DPlongarray,andsoon. MeanwThiletTheupdatedcoefficientsand

intermediatevaluesc∗,d∗arestoredintThelocalmemory,wThicThautomaticallycreates

coalesced,cacThedload/storememorytransactions.TThealgoritThmissThowninAlgoritThm

9andfurtTherdetailedinFigure3.9.

ALGORITHM9:TThomasalgoritThmwitThregistersThuffletranspose

Forwardpass:

1:Wrap32tThreadsinto8×4blockstoperform4×float4vectorloads

2:Load32×16sizetilesintoregisters:

3: 4tThreadsread4consecutivefloat4vectors=64bytes

4: DotThis4timesforrowsundereacThotTher

5:TransposedatawitThin4tThreads:

6: 4tThreadsexcThangedataona4×42DarraywitTh sThfl(float4)

7: EacThelementintThe2Darrayisafloat4vector

8:PerformTThomascalculationwitThtThe16valuesalongXdimension

9:Repeatfrom2untilendofXdimensionisreacThed

Backwardpass:

1:ComputebackwardstageofTThomasincThunksof8

2:Transposeresultsandstoreinglobalmemory
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Figure3.9:LocaltransposewitThregisters.
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TTheuseoftTheregistersThuffleinstructionincreasestTheregisterpressurecomparedtotThe

sTharedmemoryversion,butsincetThedataiskeptinregisters,alltTheoperationswitThin
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a16SPor8DPsolveareperformedintThefastestpossibleway,tThustTheoverallgainis

significant.

3.6.2 TThomasalgoritThminThigTherdimensions

TTheTThomasalgoritThmgivesitselftonaturalparallelizationandefficientaccesspattern

intThedimensionsYandabove. TThememoryaccesspatternsfittThecoalescedwayof

readingandstoringdata.TTherefore,tTheTThomasalgoritThmisefficientintThesedirections

andtTheonlylimitingfactoristThebandwidtThtThrougThputrequirementposedbyreading

3coefficientsand1RHSarrays,writingandlaterreadingtThe2temporaryarraysand

finallywritingouttThesolutionarray.

3.6.3 TThomas-PCRThybridalgoritThm

TTheTThomas-PCRThybridalgoritThmintroducedinSection3.2.4isimplementedusing

eitThersThared memoryorregistersThuffleinstructions. TTheadvantageoftTheThybrid

algoritThmistThatitallowsforstoringtTheentiresystemintTheregistersofawarp.Every

tThreadintThewarpisresponsibleforpartoftThesystemofsizeM,eg.iftThesystemsize

is256,tThenM =8andeacThtThreadstoresan8longcThunkoftThe3coefficients,tThe

RHSandtThesolutionvectorinitsregisters.TThisstoragemetThodputsaThigThpressure

onregisterallocation,anditstaysefficientonlyuptoasystemsizewThicThallowstThe

sub-arraystobestoredinregisters.EverytThreadindividuallyperformstThefirstpThase

oftThemodifiedTThomasalgoritThmandtThenswitcThestoPCRtocooperativelysolvetThe

secondpThaseoftTheThybridalgoritThm. MeanwThiletTheintermediate,modifiedcoefficients

andRHSvaluesarekeptinregisters.OncetThePCRfinisThed,itssolutioncanbeused

tosolvetThesubsystemswitThtTherecentlycomputedboundaryvalues.TThenfollowstThe

tThirdpThasewTheretTheback-substitutionoftThemodifiedTThomasalgoritThmisperformed.

IntThecaseoftTheXdimensionalsolve,tThreadsofawarpneedcontiguouscThunksofsize

M oftThewTholearray.TThisposestThesameneedforreadingandtransposingdataintThe

Xdimension,justlikeinSection3.6.1.1and3.6.1.2.

DatatranspositioncanbeperformedbotThusingsTharedmemory
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orregistersThuffles.To

acThievegoodefficiencywarp-syncThronousimplementationisusedintThesolver.TThreads

ofawarpreadconsecutivevaluesinacoalescedway,inmultiplestepsof32valuesand
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storedatainsTharedmemory. TTheneacThtThreadreadsitsownM valuesfromsThared

memory.

ALGORITHM10:TThomas-PCRThybridinXdimension

1:ReadNvalueswitTh32tThreadsinacoalescedway
2:TransposearraydatasotThateverytThreadThasitsownM interiorvalues
3:ForeacThtThread,computeinteriorM elementsintermsofouter2
4:TThenewtridiagonalsystemofsize2*32issolvedbyPCR,usingsThufflesordataexcThange
tThrougThsTharedmemory

5:Performback-substitutionforinteriorelementsintermsofouter2values

InYandThigTherdimensionstTheaccesspatternfitstThealgoritThmbetter,justlikeintThe

caseoftThestandardTThomasalgoritThm.IntThiscasetThereisnoneedfordatatrans-

position,buttThereisneedfortThreadblocksyncThronization. TThesolutionalongtThese

dimensionsistThemostefficientwitThfewrestrictions.AlgoritThm11issimilartoAlgo-

ritThm10intermsoftTheunderlyingThybridalgoritThm,witThtThesignificantdifferencetThat

warpscooperatetosolvemultiplesystems.EacThtThreadwitThinawarpsolvesanM size

cThunk.TThecThunkswitThinawarpdon’tnecessarilycontributetotThesamesystem.Ata

certainpThasewarpssTharetThenecessaryinformationtoconnecttThematcThingsystems.

STharingdataisdonetThrougThsTharedmemorywitThtThreadblocksyncThronization,but

tThesolutionoftThereducedsystemisdonewitThPCRtThesamewayasinAlgoritThm10.

ALGORITHM11:TThomas-PCRThybridindimensionYandabove

1:TThreadswitThinawarparegroupedinto(W/G)×Gblocks,wThereGistThenumberof
systemssolvedbyawarp.

2:TThefirstGtThreadsreadtThefirstM valuesofGsystems,secondGtThreadsreadtThesecond
M valuesandsoon.

3:DataofGsystemsarenowloadedintoregisters
4:EverytThreadcomputesanindependentM sizesystem:tThread0computestThefirstM
valuesofproblem0,tThreadGcomputestThesecondM values,tThread2GcomputestThe
secondM valuesetc.

5:TThreadscooperatetThrougThsTharedmemorytoeacThreducedsystemintoonewarp.
6:Everywarpcomputesanindependentreducedsystemindependently.
7:ReducedsolutionispropagatedbacktotThreadstosolveinteriorsystems.
8:DataisstoredtThesamewayasitwasread.

3.7 Performancecomparison
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TTheperformanceoftThesolverspresentedarediscussedintermsofscalabilityondifferent

systemsizesandalongdifferentdimensionsonalltThreearcThitectures–namelyonan

NVIDIAGPU,IntelXeonCPUandXeonPThicoprocessor.FurtTherintThedisserationtThe
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GPUwillalsobereferredasSIMT(SingleInstructionMultipleTThread)arcThitectureand

tTheCPUandXeonPThicollectivelywillalsobereferredtoasSIMD(SingleInstruction

MultipleData)arcThitecture.

SIMD(CPUandXeonPThi)measurementresultsareTheavilycontaminatedwitThsystem

noise.TThereforesignificantlylongerintegrationtimeThadtobeusedforaveragingexe-

cutiontime.TThereisThoweverasignificantrecurringspikeintTheexecutiontimeoftThe

XeonPThiresults,tThatiswortThdiscussing.Insingleprecisionalmosteverysystemsize

witThamultipleof128andalmosteverysystemsizeindoubleprecisionwitThamulti-

pleof64resultsinasignificant,moretThan×2slowdown. TThisistTheconsequenceof

cacThe-tThrasThing.CacThe-tThrasThingThappenswThencacThe-lineson2nbytesboundarieswitTh

samenareaccessedfrequently.TThesememoryaddressesThavedifferenttagID-s,buttThe

sameaddresswitThinatag.TThismeanstThattThreadsaccessingtThetwocacThe-linesofsucTh

boundariescontaminatetThesTharedL3(orLLC)levelcacThe,ie.tTheytThrasThtThesThared

cacThe.TThisproblemcanbeovercomeiftThecacThearcThitectureusesset-associativecacThe

witThThigThassociativity–atleastasmanytThreadsaresTharingtThecacThe.TThisistruein

tThecaseofamodernprocessor.TThesizeofL2cacTheissolowintThecaseoftTheXeonPThi

coprocessor,tThatonly512KB/4tThreads=128KB/tThreadisavailableandtThatmigTht

notallowforanefficientset-associativity.

TThepresentedscalingmeasurementsintThefollowingsubsectionsarerunwitThfixed,

2562
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=65536numberofsystems. TThelargenumberofsystemsensuresenougThpar-

allelismevenfortTheTThomassolver–wThicThbynaturecontainstThemostsequential

computations–intThecaseoftTheGPU.SinceGPUsneedatremendousamountofwork

tobedoneinparalleltoThidememorylatency,tThe65536parallelworkunitsareenougTh

tosaturatetTheCUDAcoresandmoreimportantlytThememorycontrollers.TThelengtTh

oftThesystemsalongtThedifferentdimensionsarecThangedbyextrudingtThedimension

underinvestigationfrom64upto1024witThstepsofsize4. TTheresultingexecution

timesareaveragedover100-200iterationstointegrateoutsystemnoise.TTheexecution

timereportedistTheproportionoftThetotalexecutiontimetooneelementoftThetThree

dimensionalcubeanddoesnotincludetThedatatransfertotTheacceleratorcard.TThis

givesgoodreferencetocomparetThedifferentsolvers,sinceitisindependentoftThenum-

berandtThelengtThoftThesystemstobesolved.ItisexpectedtThattTheexecutiontime

perelementbeconstantforasolver,sincetTheexecutiontimeislimitedbytThememory

transferbottleneck.TTheexecutiontimedifferencesoftThealgoritThmspresentedintThis
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sectiononlyrelatetotThememorytransferandmemoryaccesspatternoftTheparticular

algoritThm. AllimplementationspresentedThereutilizeawTholecacThelineexcepttThe

SIMDXsolversandtThenäıveGPUsolver.TThedependenceonsystemsizerelatesto

runningoutofscratcThmemory(registerscacThing,L1/L2/L3cacThe,TLBcacThe)forlarge

systemsandThavingenougThworkloadforefficiencyintThecaseofsmallsystems.TThese

dependencesarediscussedintThefollowingintThediscussionoftThecorrespondingsolver.

TTheresultsarealsocomparedagainsttThedtsvb()functionoftTheIntel MatThKernel

Library11.2Update2forLinuxlibrary[50]andtThegtsv()functionoftTheNVIDIA’s

cuSPARSElibrary[51]. TThedtsvb()solverisadiagonallydominantsolverwThicThac-

cordingtotTheInteldocumentationistwotimesfastertThantThepartialpivotingbased

gtsv()solver.TTheexecutionofmultipledtsvb()solversisdoneusingOpenMP.Details

oftTheThardwareusedarediscussedinAppendixA.1.SincetTheimplementationsforX

andThigTherdimensionsdifferwealsoneedseparatediscussionfortThesecases.

InarealisticscenarioinThigThdimensionstThedatatransferbetweentTheNUMAnodes

isunavoidablesinceanNUMA-efficientlayoutfortTheXdimensionalsolveisnoteffi-

cientfortTheYdimensionalsolveandviceversa. TThereforenospecialattentionwas

madetoThandleanyNUMArelatedissuesintThe2socketCPUimplementationforany

dimensions.

3.7.1 ScalingintTheXdimension

Figures3.10and3.11sThowtTheperformancescalingintTheXdimensionforsingleand

doubleprecisionforalltThearcThitecturesstudiedintThedissertation.Figure3.13com-

parestThesolversforaspecificsetup.

3.7.1.1 SIMDsolvers

TTheSIMDsolversrelyontTheregularTThomasalgoritThmwitThorwitThoutlocaldata

transposition. TThedetaileddescriptionoftThesesolversisinSection3.5. TThe MKL

dtsvb()solverfordiagonallydominanttridiagonalsystemswascThosenastThebaseline

solver.IntThefollowingcomparisonalltThepresentedSIMDimplementationstakeadvan-

tageofmultitThreadingwitThOpenMP.TThreadsusingKMPAFFINITY=compact
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were

pinnedtotTheCPUandMICcorestoavoidunnecessarycacThereloadwThentThreadsare
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Figure3.10: Singleprecisionexecutiontimepergridelement.65536tridiagonalsystems
witThvaryingNXlengtThalongtTheXdimensionaresolved. CPU, MICandGPUexecution
timesalongwitThtThecomparisonoftThebestsolveronalltThreearcThitecturesaresThow.

scTheduledtoanotThercore.OtTherrun-timeoptimizationapproacThesusingnumactland

membindwerealsoconsidered,buttTheydidnotprovideanysignificantspeedup.

AsseeninFigure3.10and3.11tThenäıveTThomasalgoritThmwitThOpenMPoutperforms

tTheMKLdtsvb()solverandtThetranspositionbasedTThomassolverfurtTherincreasestThe

speedupona2socketXeonprocessor.TThenäıveTThomassolverintTheXdimensionis

notcapableofutilizinganyAVXinstructionduetotTheinTherentnatureofvectorunits

onCPUs,ThowevertThetranspositionbasedsolversarecapableoftakingadvantageoftThe

vectorunitsasitisdescribedinSection3.5
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.TTheexecutiontimedeclinesandsaturates

inbotThsingleanddoubleprecisionastThesystemsizeincreases,duetotTheworkload

necessarytokeeptThreadsbusyontTheCPU.ForkingnewtThreadswitThOpenMPThasa

constantoverTheadwThicThbecomeslesssignificantwThentThreadsThavemorework.Above
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Figure3.11: Doubleprecisionexecutiontimepergridelement.65536tridiagonalsystems
witThvaryingNXlengtThalongtTheXdimensionaresolved. CPU, MICandGPUexecution
timesalongwitThtThecomparisonoftThebestsolveronalltThreearcThitecturesaresThow.

acertainsystemsizetTheCPUprovidesstableexecutiontime.TTheefficiencyoftTheCPU

reliesontThecacTheandout-of-orderexecutionperformanceoftThearcThitecture.TThesize

oftThetemporaryarraysduringtThesolutionissmallenougThtofitintotTheL1cacThe.TThe

out-of-orderexecutioniscapableofThidingsomeoftThe4clockcyclelatencyofaccessing

tThesetemporary,cacThedvalueswThicThintotalresultsinThigThefficiency.

TTheperformanceoftThenäıveTThomasalgoritThmontTheXeonPThicoprocessorisfarfrom

tTheexpected.DuetotThedifficultyinvectorizingintTheXdimensiondescribedinSection

3.5
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,tThecoprocessorneedstoprocesstThedatawitThascalarcode.SincetThescalarcode

ismorecomputelimitedtThanavectorizedcode,andsincetTheclockrateoftTheXeon

PThiisalmostatThirdoftTheXeonprocessor,tTheefficiencyoftThecodedropstoabouttThe

tThirdoftThevectorizedcode. Howeversignificantx2increaseinspeedupisreacThedon
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tTheMICarcThitecturebotThinsingleanddoubleprecisionwThenusingtThetransposition

basedTThomassolver. TTheperformanceincreaseduetovectorizationwouldimplya

8or16timesspeedupinsingleordoubleprecisionrespectively,buttTheunderlying

executionarcThitecture,compilerandcacThingmecThanismisnotcapableofprovidingtThis

speedup.TTheoverallperformanceoftTheXeonPThiwitThtThetranspositionbasedTThomas

algoritThmiscomparabletotTheCPUforsmallsystemsizeandbecomesslowertThantThe

CPUastThesystemsizeincreasesabove200-300.Significantspikesinexecutiontime

oftThenäıvesolvercanbeseeninbotThsingleanddoubleprecisiononalmostevery512

bytesteps,eitTherinstepsof128insingleprecisionorinstepsof64indoubleprecision.

TThreadpiningwitThKMPAFFINITY=compactoptionpreventstThreadmigrationand

improvestTheperformanceontThecoprocessorsignificantly.TounderstandtThedifference

betweentTheCPUandtThe MICarcThitecturetThereaderissuggestedtostudytTheISA

manuals[43]and[26]oftThetwoarcThitectures. TThetwoarcThitecturesareradically

different.TTheCPUworksatThigThclockrateswitThcomplexcontrollogic,out-of-order

execution,brancThprediction,lowlatencyinstructionsandlarge,lowlatencydistributed

cacThepertThread. TThe MIC(KnigThtsCorner)arcThitectureistTheoppositeinmanyof

tTheseproperties.Itworksatlowclockrate,Thassimplecontrollogic,in-orderexecution,

nobrancThprediction,ThigTherlatencyinstructionsandsmall,ThigTherlatencycacTheper

tThread. TThesefactsuggesttThatwThentTheinputdataisfetcThedintotThecacThe,tThe

TheavyweigThtCPUcoresutilizetThesedatamucThefficientlytThantTheligThtweigThtMIC

cores. OnemaynotetThattTheupcomingIntelKnigThtsLandingarcThitecturewitThits

out-of-orderexecutionunitmaysignificantlyimprovetTheMICperformance.

3.7.1.2 SIMTsolvers

OnemaynoticetThattTheworstperformanceisacThievedbytThenäıveGPUsolver–even

worsetThananySIMDimplementation.TTheinefficiencycomesfromtThepoorcacTheline

utilizationsdiscussedinSection3.6
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. TThemeasurementsarecontaminatedwitThdeter-

ministic,non-stocThasticnoisetThatmaycomefromcacTheefficiencyandcacThetThrasThing

etc.TThisnoisecannotbeattenuatedbylongerintegrationtime.DuetotThelowcacThe

lineutilizationtTheimplementationisfundamentallylatencylimited.TThisissupported

bytThefacttThattTheexecutiontimeisalmosttThesamefortThesingleanddoubleprecision

cases.EverystepoftThesolverrequirestTheloadofanewcacThelineandsincecacThelines
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onGPUarcThitecturesarenotprefetcThed,botThsingleanddoubleprecisionversionsmove

tThesameamountofdata(32bytecacTheline)tThrougThtThememorybus.

TThecuSPARSEv7.0solverprovidesbetterperformancetThantThenäıvesolver,butitalso

Thasasignificantrecurringdependenceonsystemsize.TThecusparse{S,D}gtsvStridedBatcTh()

solverperformstThebestwThentThesystemsizeisapoweroftwoinbotThsingleanddouble

precisioncases.TTheperformancecanvaryapproximatelybytwotimesspeeddifference

inbotThsingleanddoubleprecision. TThisdependenceisduetotTheinternalimple-

mentationoftTheThybridCR/PCRalgoritThmtThatisusedinsidetThesolver[51]. TThe

performanceoftThissolverisevenworsetThantThe MKLdtsvb()libraryfunctionontThe

CPUinbotThsingleanddoubleprecision.TTheslowdownofcuSPARSEversustTheMKL

solverisonlyvalidfortTheregimeofsThortsystemsintTheorderoftThousandsoflengtTh.

ForlargersystemstThistendencycThangesfortTheadvantageoftThecuSPRASElibrary.

SincetThepracticalapplicationsdetailedintTheintroductorySection1.2.1involvestThe

solutionofsystemsbelowtThetThousandsizeregime,systemsabovetThislimitarenottThe

scopeoftThedissertation.

TThetranspositionbasedTThomassolversperformbettertThancuSPARSEbyafactorof

2.5−3.1intThecaseoftranspositioninsTharedmemoryandby4.3−3.3intThecaseof

registersThuffledependingonfloatingpointprecisionandsystemsize. TTheadvantage

ofmakingextraeffortforimprovingtThecacThelineutilizationisobvious.TTheacThieved

speedupcomparedtotThenäıveTThomassolveris6.1−7.2intThecaseofsingleand

doubleprecisionrespectively. TTheefficiencyoftTheTThomassolverwitThtransposition

remainsconstantastThesystemsizeincreases,ie.tThereisnosignificantfluctuationin

performance.

OnemaynoticetThattThepaddingisimportantfortTheregistertranspositionsotThat

alignedfloat4ordouble2
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loadsmaybedone,wThicThcannotalwaysbeensured.TThere

isafactor2speeddifferencebetweentThesTharedmemorytranspositionandtTheregister

sThuffletranspositioninsingleprecision.TThisdifferenceisnegligibleindoubleprecision

since64bitwidesTharedmemorybankaccessisusedtoaccesstThescratcThmemoryinstead

of32bitintThecaseofsingleprecision.TThewiderbankaccessThasbeenintroducedin

tTheKeplerarcThitecturesanditeffectivelydoublestThebandwidtThoftThesTharedmemory

wThen64bitaccesscanbeensured.IncaseofsTharedmemoryareadtThrougThputof

1211GB/sandstoretThrougThputof570GB/sismeasuredwitThNVVP(NVIDIAVisual
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Profiler)ona2563singleprecisioncubedomain. Also,tThetranspositionusingsThared

memoryThappensbyreading32bytesatatime,wThereasintThecaseoftTheregistersThuffle

basedtransposition64bytesarereadfromtTheglobalmemoryatatime.

TTheThybridTThomas-PCRalgoritThmoutperformseverysolverintTheXdimensionin

singleprecision.IndoubleprecisionThowevertTheperformancedropssignificantlybeyond

systemsize512.TTheefficiencyisduetotTheregisterblockingnatureoftThealgoritThm.

EacThsystemtThatissolvediscompletelyresidentinregistersandtThereforeonlytThe

inputdataisreadonceandtTheoutputisstoredonce. TThisresultsintTheminimum

amountofdatatransfersandleadstotThebestpossibleperformance.

3.7.2 ScalinginThigTherdimensions

Figure3.12sThowstTheperformancescalingintTheYdimensionforsingleanddouble

precisionforalltThearcThitecturesstudied.SincetThesolutionoftridiagonalsystemswitTh

non-unitstrideisnotimplementedinanylibraryuptodate,tTheThigTherdimensional

executiontimebencThmarksdonotcontainanystandardlibraryexecutiontimes.Trans-

posingtThedatastructurewouldallowfortTheuseoftThestandardsolvers,butitThas

notbeendonefortworeasons:1)tTheefficiencyoftransposingtThewTholedatastructure

wouldinvolvefurtTheroptimizationofimplementationsattacThedtostandardlibrarycode

andtTheoverallperformancewouldbeinfluencedbytTheextraprogrammingeffort;2)

evenwitThaThigThlyoptimizedtranspositiontTheoverallexecutiontimewouldbeThigTher

tThenintTheXdimension.

3.7.2.1 SIMDsolvers

TTheSIMDsolversrelyontTheregularTThomasalgoritThm. TThedetaileddescriptionis

inSection3.5
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.BotThtTheCPUandtTheMICSIMDarcThitecturesareabletoutilizetThe

256bitsand512bitswideAVXandIMCIvectorunitstosolveatridiagonalsystem.

TThismeanstThat8(4)and16(8)systemscanbesolvedbyasingletThreadinparallelin

single(double)precisiononCPUandMICrespectively.TTheefficiencyoftTheCPUrelies

ontThecacTheandout-of-orderexecutionperformanceoftThearcThitecture. TThesizeof

tThetemporaryarraysfortThesystemssolvedinparallelissmallenougThtofitintotThe

L1cacTheandtTheL2cacThe. TTheout-of-orderexecutioniscapableofThidingsomeof
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Figure3.12:Singleanddoubleprecisionexecutiontimepergridelement.65536tridiagonal
systemswitThvaryingNY lengtThalongtTheYdimensionaresolved. CPU, MICandGPU
executiontimesalongwitThtThecomparisonoftThebestsolveronalltThreearcThitecturesare

sThow.

tThe4clockcyclelatencyofaccessingtThesetemporaryintTheL1cacThe.OnFigure3.12

itcanbeseentThattTheCPUandMICperformancecThangesinparallel. AltThougThtThe

scalingsThouldbeconstant,itiscThangingalmostlinearlyintThecaseofsingleprecision

andsuperlinearlyindoubleprecision. TThereasonfortThelatteristThattThecoresare

runningoutofL1cacTheandtTheL2cacTheperformancestartstodominate.Twoarrays

(c∗andd∗)needtobecacThedforgoodperformance.Forinstance,systemsizeN=1024

needs1024element∗8bytes/element∗2arrays∗4parallelsystems=64KBtobecacThed,

wThicThistwicetThesizeoftTheL1cacThe.TThesingleprecisionsolverremainslinearintThis

regime,becauseeven1024longsystemfitsintotTheL1cacThe.TTheorderoftThetwofor

loops(XandZ)iteratingontThe65526systemsThavesetsotThatbetterdatalocality

isacThievedandtThusbetterTLBThitrateisreacThed. TTheTThomassolverontThedual

socketXeonCPUistTheslowestamongalltThesolvers. TThe MICarcThitectureisbya

factor1.8−2fastertThentTheCPU.TTheSIMDarcThitecturesrequirealignedloadsfor

bestperformancewThicThcanbeensuredwitThpaddingotTherwisetTheperformanceisThit

byunaligneddataloadsandstores.TThevectoroperationscanstillbeperformed,tThe

non-alignmentonlyThitsdatatransfer.

3.7.2.2 SIMTsolvers

TThenäıveGPUsolverprovidesstableexecutiontimeanditisupto3.6(3.8)times

fastertThantThedualsocketXeonCPUand2.1(2.
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5)timesfastertThentTheXeonPThiin
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single(double)precision. TTheGPUimplementationiscapableofsolving32systems

witThinawarpusingcoalescedmemoryaccess.TTheperformanceistThereforepredictable

andveryefficient.TTheonlydrawbackoftThesolveristThatitismovingmoredatatThantThe

TThomas-PCRThybridsolver(detailedinSection3.2.4)wThicThcacThestThedatainregisters.

TThereforetTheTThomas-PCRThybridalgoritThmisupto1.5(1.8)fastertThantThenäıve

GPUsolverincaseofsingle(double)precision.ComparedtotTheThigThlyoptimizedtwo

socketCPUsolvertTheTThomas-PCRsolveris4.3(4.6)fasterinsingle(double)precision.

ComparedtotTheThigThlyoptimizedMICtThespeedupis2.2−(2.5).TThesearesignificant

differenceswThicThcanbemaintaineduntiltThereisenougThregistertoTholdtThevaluesof

tTheprocessedsystems.OncetThecompiledcoderunsoutofregister,tTheeffectofregister

spillbecomesobvious,sincetTheexecutiontimejumpsbymoretThe50%–tThisThappens

witThsystemsize320insingleprecisionand384indoubleprecision.Incaseofregister

spilltTheadvantageoftTheTThomas-PCRovertThenäıvesolverisnegligibleandabove

certainsystemsizeitisevenworse.

3.8 Conclusion

IntThepast manyalgoritThmsThavebeenintroducedtosolveasystemoftridiagonal

equations,butonlyafewoftThemtookadvantageoftThefacttThatincertaincases(eg.

anADIsolver)tTheproblemtobesolvedcontainsalargenumberofsmallsystemsto

solveandtTheaccesspatternoftThesystemelementsmigThtcThangeindatastructures

witTh2dimensionsandabove.ItThasbeensThowntThatintTheXdimensiontThestandard

TThomasalgoritThmwitThmodifiedaccesspatternusinglocaldatatranspositiononbotTh

CPU,MICandGPUcanoutperformlibraryquality,ThigThlyoptimizedcode,sucThas:1)

dtsvb()MKLdiagonallydominantsolverrunningonmultipletThreadsonadualsocket

Xeonprocessorand2)tThePCR-CRThybridalgoritThmimplementedintThecuSPARSE

libraryprovidedbyNVIDIA.IftThesystemsizeallowscacThinginregisters,tThenanew

proposedTThomas-PCRThybridalgoritThmontTheGPUcanbeusedtosolvetTheproblem

evenmoreefficientlywitThaspeedupofabout2comparedtotTheTThomasalgoritThm

witThlocaldatatransposition.ItThasbeensThowntThatinThigTherdimensions(Y,Zetc.)

tThenäıvesolverallowsforcoalesced(oralmostcoalesced)accesspatternandtTherefore

tThereisnoneedfortranspositionandtTheperformanceisThigTh.TTheTThomas-PCRforX
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dimensionismodifiedtoThandlesystemsinThigTherdimensionsbyusingmorewarpsto
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loadandstoretThedatarequiredintThecomputation.TTheregisterandsTharedmemory

pressureisThigTherintThesecasesandregisterspillsoccurabovesystemsize320insingle

and384indoubleprecision. TTheTThomasalgoritThmperformsbetterforabovetThese

systemsizes.Figure3.13summarizestTheexectiontimesfortTheXandYdimensionsin

tThecaseofa240×256×

GPU Naïve GPU SThared GPU Register
GPU

TThomasPCR
GPU

cuSPARSE
CPU CPU MKL MIC MIC MKL

Trid-X SP 2,81 0,39 0,23 0,11 0,99 0,34 0,51 0,42 0,81

Trid-X DP 3,02 0,49 0,47 0,21 1,54 0,67 0,95 0,62 1,15

Trid-Y SP 0,16 0,11 0,47 0,24

Trid-Y DP 0,34 0,19 0,87 0,47
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Figure3.13: Gridelementexecutiontimespergridelementona240×256×256cube
domain.X dimensioniscThosentobe240toalleviatetTheeffectofcacThingandalgoritThmic
inefficiencieswThicThoccursonsizesofpowerof2asitcanbeseenonFigures3.10,3.11,3.12.
Missingbarsandn/avaluesareduetonon-feasibleornon-advantagousimplementationsin

tTheYdimension.

TTheconclusionis,tThattTheTThomasalgoritThmwitThmodifiedaccesspatternisadvanta-

geousuptorelativelylargesystemsizesintTheorderoftThousands.TTheTThomas-PCR

ThybridgivesbetterperformanceintTheX dimensionintThisregime.IntTheY
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dimen-

sionsandabovetTheTThomas-PCRistThebestperforminguptosystemsize320(384)in

single(double)precision,butabovetThissizetTheTThomasregainsitsadvantageduetoits

simplicity.
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4.1 Introduction

Inmanyreal-worldCFDandfinancialapplicationstThemultidimensionalPDEsThave

interdependentstatevariables.TThestatevariabledependencecreatesablockstructure

intThematrixusedintTheimplicitsolutionoftThePDE.IncertaincasestThesematrices

areformedtobetridiagonalwitThblockmatricesintThediagonalandoff-diagonals.TThe

M2blocksizesareusuallyintTherangeofM =2,..,8andtThereforetThetridiagonal

matrixtakestTheformssThowninEquation4.1and4.2.

Aiui−1+Biui+Ciui+1=di (4.1)
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wThereAi,Bi,Ci∈R
MxM,ui,di∈R

M andM ∈[2,8].

4.2 Block-TThomasalgoritThm

ALGORITHM12:BlockTThomasalgoritThm

Require: blocktThomas(A,B,C,d)

Forwardpass

1:C0
∗=B−10 C0

2:d0
∗=B−10 d0

3:fori=1,...,N−1do

4: Ci
∗=(Bi−AiC

∗
i−1)

−1Ci

5: di
∗=(Bi−AiC

∗
i−1)

−1(di−Aid
∗
i−1)

6:endfor

Backwardpass

7:uN−1=d
∗
i

8:fori=N−2,...,0do

9: ui=d
∗
i−C

∗
iui+1

10:endfor

11:return u

TTheblockTThomasalgoritThmisessentiallytThesameastThescalaralgoritThm,assuming

tThatscalaroperationsareexcThangedwitThmatrixoperations.TThelackofcommutative

propertyoftThematrixmultiplication,tTheorderoftThesematrixoperationsThavetobe

maintainedtThrougThouttTheimplementation.SeeAlgoritThm12fordetails. TTheblock

structureintroducesmatrixoperationssucThas1)blockmatrixinversionwitThO(M3);

2)blockmatrix-matrixmultiplicationwitThO(M3)andadditionwitThO(M2);3)block

matrix-vectormultiplicationwitThO(M2).OntTheotTherThandtThedatatransferisonly

O(M2)perblockmatrix. AstThematrixoperationsaredominatedbyO(M3)versus

tTheO(M2)datatransfer,tThesolutionoftTheblocktridiagonalsystembecomescompute

limitedastTheblocksizeincreases.OncetThedataisreadandstoredinscratcThmemory,

tThecostofmakingtThematrixoperationsistThebottleneck,botThbecausearitThmetic

complexityandcontrolflowcomplexityaresignificant.LetusdefinetTheO
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complexityin

termsofblockmatrixoperationswitThtThearitThmeticcomplexitystatesabove,anddefine

tThetotalworkastThecomplexityofsolvingasinglesystemtimestThenumberofsystems
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tobesolvedonagivennumberofparallelprocessors. WThensolvingN longsystems

onNprocessorstTheTThomasalgoritThmThasNO(N)totalworkcomplexityversustThe

NO(NlogN)totalworkcomplexityoftThePCRalgoritThm.TThissignificantdifference

establisThestTheuseoftTheTThomasalgoritThmovertThePCRintTheblocktridiagonalcase.

AlgoritThmsforsolvingblock-tridiagonalsystemofequationsThavebeenpreviouslyde-

velopedin[52,53,33].[54]gaveaGPUbasedsolutionusingtTheblockPCRalgoritThm

motivatingtTheircThoicebytTheinTherentparallelismgivenbytThealgoritThmandtThede-

mandforThigThparallelismbytTheGPU.TTheoverallaritThmeticcomplexityoftThePCRis

knowntobeThigThertThantThatoftTheTThomasalgoritThmasitisdetailedinSection4.2.

AsmanyCFDapplicationsconsiderblocksizesofM =2,..,8tThemotivationistomake

useoftThecomputationallylessexpensivealgoritThm,namelytTheTThomasalgoritThmand

exploitparallelismintTheblock-matrixoperations.InotTherwords,tTheoverallaritThmetic

complexityiskeptlowbytTheTThomasalgoritThmandtTheparallelismisincreasedbytThe

work-sTharingtThreadswThicThsolvetTheblock-matrixoperations.

[54]usedaThigThlyinterleavedSOA(StructureofArrays)storageformattostoretThe

coefficientsoftThesystemsinordertoacThievecoalescedmemoryaccesspatternsuitable

fortTheGPU.IntThatapproacThtThedataontTheThostisstoredinAOS(ArrayofStructures)

formatwThicThThadtobeconvertedintoSOAformattosuittTheneedsoftTheGPU.In

ourapproacThtThework-sTharingandregisterblockingsolutionalleviatestTheneedfor

AOS-SOAconversion,ie.tThedataaccessefficiencyremainsThigTh.

4.3 DatalayoutforSIMTarcThitecture

TThedatalayoutisacriticalpointoftThesolver,sincetThisinfluencestTheeffectivenessof

tThememoryaccesspattern.CoalescedmemoryaccessisneededtoacThievetThebesttTheo-

reticalperformance,tThereforeSOAdatastructuresareusedinmanyGPUapplications.

IntThissectionanAOSdatastorageispresentedinwThicThblocksofdistincttridiagonal

systemareinterleaved.BlockcoefficientsApn,B
p
n,C

p
n,d

p
narestoredinseparatearrays.

TThedatalayoutofA,B,CandC∗coefficientblockarraysaretThesame. WitThintThe

arrayofblockstTheleadingdimensionistTherowofablock,ie.blocksarestoredinrow

majorformat.TTheblockofsystempisfollowedbytTheblockofsystemblockp
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tThearray,ie.tTheblocksinarrayAarestoredbyinterleavingtThentThblocksofproblems

p=0,..,P−1intThewaysThownonFigure4.1.

A00 A
1
0 A

2
0 ···A

P−1
0

Blocksofp=0..(P−1)

A01 A
1
1 A

2
1 ···A

P−1
1

Blocksofp=0..(P−1)
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1
2 A

2
2 ···A
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Blocksofp=0..(P−1)

···

a
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a
(0,0)
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a
(0,0)
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(0,0)
21 a

(0,0)
22

3rdrow

a
(0,1)
00 a

(0,1)
01 ···

1strow

Blocksmappedtolinearmemory

Figure4.1:DatalayoutwitThincoefficientarrayA.TThislayoutallowsnearlycoalescedaccess
patternandThigThcacTheThitratewThencoalescencecriteriaisnotmet.HereApnistThentThblock
(ie.ntThblock-rowintThecoefficientmatrix)ofproblempandp∈[0,P−1],n∈[0,N−1].
NotationfortThescalarelementsintThentThblockofproblemparesThownonEq.(4.3).Bottom

partoftThefiguresThowstThemappingofscalarvaluestotThelinearmainmemory.
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(4.3)

Vectorsd,d∗anduarestoredinasimilar,interleavedfasThionasdepictedonFigure

4.1. SubvectorsinarraydarestoredbyinterleavingtThentThsubvectorofproblems

p=0,..,P−1intThewaysThownonFigure4.2.TThenotationoftThescalarvaluesofdpn

canbeseenonEq.(4.4).
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···

Blockvectorsmappedtolinearmemory

Figure4.2: Datalayoutofdasblockvectors. TThislayoutallowsnearlycoalescedaccess
patternandThigThcacTheThitratewThencoalescencecriteriaisnotmet.HeredpnistThentThblock
(ie.ntThblock-rowintThecoefficientmatrix)ofproblempandp∈[0,P−1],n∈[0,N−1].
NotationfortThescalarelementsintThentThblockofproblemparesThownonEq.(4.4).Bottom

partoftThefiguresThowstThemappingofscalarvaluestotThelinearmainmemory.
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0 d
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TThisdatalayoutallowstThetThreadstoloaddatatThrougThtexturecacThefromglobal

memorywitThefficientaccesspatternandcacThelineutilization. AblockisreadinM

steps.IneacThsteparowoftTheblockisread. TThescalarvaluesarestoredintThe

registersassThownofFigure4.3.IntThesecondsteptThreadsreadtThesecondrowintThe

samemanner,andsoon.

TThisstorageformatallowsforThigThtexturecacTheThitratebyassuringtThatmostoftThe

datatThatisreadinwitThina32bytescacTheline.LetustaketThecaseofM =3insingle

precisionwThenreadingA00.IntThefirststeponlytThefirstrowoftTheblockisread,ie.12

bytesoftThe32bytescacThelineisutilized.OnceatexturecacThelineisloadeditwillbe

reusedimmediatelyintThefollowingfewinstructionsorbytTheneigThboringtThread.In

tThenextstep,wThentThesecondrowoftTheblockisread,tThecacThelineisalreadyintThe

texturecacTheandtThistime12bytesaredirectlyreadfromtThetexturecacThe.IntThe

tThirdstep,wThentThetThirdrowisread,tThe12bytesareagainintThecacThe,since8bytes

outoftThe12bytesareintThesamecacThelineastThefirsttworows,andtTheremaining4

bytesareintThecacThelinereadbytThenextgroupof3tThreadswThicThreadtTheblockA10.

AlltThisisdoneinparallelby 32/3 =30tThreads. TThetotalamountofdatatThatis

readbytThewarpis32scalarsblock×4
blocks
system×10systems=360bytes,wThicThfitsinto12cacThe

lines. Only3×10=30tThreadsareactiveintThewarp(wThicThThas32tThreads). TThe

probabilityofacacThelinebeingevictedislow,sincetThecacThelinesarereusedbytThe

tThreadsintThesamewarp.SincetThesequenceofinstructionsofloadingablockdoesn’t

containdatadependency,tThereisnoreasonfortThescThedulertoidletTheactivetThreads

wThicThstartedloadingtThedata.

4.4 CooperatingtThreadsforincreasedparallelismonSIMT

arcThitecture
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SIMTarcThitecturesareinTherentlysensitivetoparallelism,ie.tTheyneedenougThrun-

ningtThreadstoThidetThelatencyofaccessingtThememoryandfillinguptThearitThmetic

pipelinesefficiently.Also,tTheimplementedsolverThastoconsidertTheconstraintsoftThe

processorarcThitecturebeingused.TTheKeplerGK110barcThitectureThas48KiBsThared



CThapter4.BlockTridiagonalSolversonMultiandManyCoreArcThitectures 63

memoryand64K32bitregistersavailableforusewitThinatThreadblockwitThupto255

registers/tThread. ComputingblockmatrixoperationswitThasingletThreadisnoteffi-

cientduetotThefollowingreasons:1)tThelimitednumberofregistersandsTharedmemory

doesn’tallowfortemporarystorageofblockmatricesandreloadingdatafromglobal

memoryiscostly;2)inordertoutilizecoalescedmemoryaccessaThigThlevelofinput

datainterleavingwouldberequired,wThicThisnotusefulinrealapplicationenvironment.

AsaconsequencetTheproblemwouldbecomememorybandwidtThlimitedratThertThan

computelimited. TTheworkloadofcomputingasinglesystemstThereforeneedstobe

sTharedamongtThreads,sotThatblockmatrixdataisdistributivelystoredintTheregisters

(andsTharedmemory)oftThreads. TThismeanstThatbotThworkloadanddatastorageis

distributedamongtThecooperatingtThreads.

Weproposetouse M numberoftThreadstosolvetTheM dimensionalblock matrix

operations,sotThateverytThreadstoresonecolumnofablockandonescalarvalueof

avectortThatisbeingprocessed,seeFigure4.3fordetails.SubsequentM tThreadsare

computingasystemandawarpcomputes32/M numberofsystems.TThismeanstThat

32/M ∗M tThreadsareactiveduringtThecomputation. TTherestareidle. WitThtThis

workdistributionintTheM =2,..,8rangetTheworstcaseisM =7wThen4outof32

tThreadsareinactiveandtThus87.5%istTheactualcomputationperformancetThatcanbe

reacThed.

a
(n,p)
00 a

(n,p)
01 a

(n,p)
02

a
(n,p)
10 a

(n,p)
11 a

(n,p)
12

a
(n,p)
20 a

(n,p)
21 a

(n,p)
22



















T0 T1 T2

Apn= d
(n,p)
0 d

(n,p)
1 d

(n,p)
2

T0 T1 T2

dpn=

Figure4.3:STharedstorageofblocksinregisters.ArrowssThowloadorder.TThreadT0,T1and
T2storestThefirst,secondandtThirdcolumnsofblockApnandfirst,secondandtThirdvalues

ofdpn.

TThecommunicationtoperform matrixoperationsiscarriedoutusingeitThersThared

memoryorregistersThuffles( sThfl()intrinsic).JustlikeintThecaseoftThescalarsolver,

registerandsTharedmemoryisnotenougThtostoretTheintermediateC∗,d∗
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blockarrays
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andfortThispurposelocalmemoryisused–tThisisanelegantwayofgettingcoalesced

memoryaccess.

IntThefollowingtTheessentialblockmatrixoperationsarediscussedusingFigure4.3.

ImportanttonoticetThatalltTheimplementationwitThregistersThuffleiswritteninaway

tThattThelocalarraysstoringblockcolumnsareTheldinregisters.Twocriterianeedto

besatisfiedtoacThievetThis,1)localarrayindexingneedstobeknownatcompiletime

and2)localarraysizecannotexceedacertainsizedefinedinternallyintThecompiler.

Matrix-vector multiplication

WThenperformingmatrix-vectormultiplication,tThreadsThavetThecolumnofablockand

tThecorrespondingscalarvaluetoperformtThefirststepof matrix-vector multiplica-

tion,namelyscalar-vectormultiplication–tThisisdoneinparallel,independentlybytThe

tThreads.TThesecondstepistoadduptTheresultvectorsoftThepreviousstep.IntThiscase

tThreadsneedtosTharedata,wThicThcaneitTherbedonetThrougThsTharedmemoryorusing

registersThuffleinstructions.IntThecaseofsTharedmemorytTheresultisstoredinsThared

memory.Itisinitializedto0.IntThemtThstep(wTherem=0,..,M−1)tThreadmaddsits

vectortotThesTharedvectorandtThreadblocksyncThronizes.IntThecaseofregistersThuffle

tThemultiplicationisalsodoneinM steps.IntThemtThsteptTheM tThreadscomputea

scalarproductoftThemtThrowandsThuffletThecomputedvaluesaround(inround-robin)

toaccumulatetThesevalues.TTheactualadditionoftTheaccumulationisdonebytThemtTh

tThread.

Matrix-matrix multiplication

Matrix-matrixmultiplicationneedstocommunicatetThe M ×M valuesofoneoftThe

blocks.TThiscaneitTherbedonetThrougThsTharedmemoryorregistersThuffle.IntThecase

ofsTharedmemorytThisapproacThusesM2numberof synctThreads()
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wThicThwouldsuggest

Theavyimpactonperformance,buttTheresultsarestillsatisfying. TTheregistersThuffle

approacThdoesn’trequiresyncThronization,tThusitisexpectedtoworkfastertThentThe

sTharedmemoryapproacTh.
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Gauss-Jordanelimination

TThesolutionofblocksystemsinline4and5inAlgoritThm12isdonebyimmediately

solvingtThesesystemswThenperformingaGauss-Jordanelimination,ie.tThesystems

aresolvedwitThoutcomposingtTheexplicitinverseofmatrixBi−AiC
∗
i−1.TTheGauss-

JordaneliminationiscomputedcooperativelybyusingeitThersTharedmemoryofregister

sThuffleinstructions.BotThversionsThaveThigThcomputetThrougThput.

4.5 OptimizationonSIMDarcThitecture

TTheapproacThforefficientsolutionintThecaseofSIMDarcThitecturesisdifferentinterms

ofdatastorageandexecutionflow.TThedatalayoutneedstobecThangedtogetbetter

datalocality(forbettercacTheperformance)andsecond,eacThindividualHT(Hyper

TThread)tThreadcomputesanindependentsystemwitThoutsTharingtTheworkloadoftThe

solutionofonesystem.TThelatterconsiderationistThenaturalwayofdoingcomputation

onmulti-coresystems.AseacThtThreadsolvesanindependentsystem,bestcacThelocality

isreacThedwThentTheblocksofarrayAarereorderedtostoretTheblocksAp0,A
p
1,...,A

p
N

nexttoeacThotTher.Figure4.4depictstThisinmoredetails.

A00 A
0
1 A

0
2 ···A

0
N−1

Blocksofproblemp=0

A10 A
1
1 A

1
2 ···A

1
N−1

Blocksofproblemp=1

A20 A
2
1 A

2
2 ···A

2
N−1

Blocksofproblemp=2

···

Figure4.4: DatalayoutwitThincoefficientarrayA suitedforbetterdatalocalityonCPU
andMIC.HereApnistThentThblock(ie.ntThblock-rowintThecoefficientmatrix)ofproblemp
andp∈[0,P−1],n∈[0,N−1].NotationfortThescalarelementsintThentThblockofproblem

paresThownonEq.(4.3).

OntThesesystemstThreadsareTheavyweigThtwitThout-of-orderexecutionandThaveenougTh

L1cacThetoefficientlysolveablocktridiagonalsystem.TTheC++codeisoptimizedto

takeadvantageoftThevectorunits. LoopsarewrittensotThattTherequirementsfor

auto-vectorizationaresatisfied. WThereneeded#pragmaivdep or#pragmasimd

DOI:10.15774/PPKE.ITK.2016.002

is

usedtoThelpandforcetThecompilertovectorizeloops. Dimensionsizesarepassed

tThrougThtemplatevariablestomakebetteruseofcompiletimeoptimizationssucThas

loopunrolling,vectorizationandstaticindexing.TThreadlevelparallelismisprovidedby

OpenMPandtThreadssolvingindependentsystemsarescTheduledwitThguidedscTheduling

tobalanceworkloadandgiveanoverallbetterperformance.
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4.6 Performancecomparisonandanalysis

PerformancesoftTheimplementedsolversarecomparedintermsofmemorybandwidtTh,

computationtThrougThputintThecaseofGPUsandspeedupsofGPUandCPUimplemen-

tationscomparedtotThebandedsolvergbsv().TThesizeoftTheproblemisalwayscThosen

tobesucThtThatitsaturatesbotThtTheCPUandtTheGPUwitThenougThwork,sotThattThese

arcThitecturescanprovidetThebestperformance,ie.astTheblocksizeisincreasedtThe

lengtThoftThesystemtobesolvedisdecreasedsotThattTheuseoftTheavailablememoryis

keptclosetomaximum.TableA.2.andA.3.sThowtTheselectedlengtThofasystem(N)

andtThenumberofsystemstobesolved(P)respectively.

TTheIntel MatThKernelLibrary11.2Update2library[50]wascThosenwitThitsLA-

PACKE{s,d}gbsvwork()functiontoperformtThebandedsolution.TThelibraryfunction

wasdeployusingOpenMPtoacThievetThebestperformanceMKLcanprovide.Accord-

ingtotThe MKLmanual[50]tThisroutinesolvesforX tThelinearequationsAX=B,

wThereA∈Rn×nbandmatrixwitThklsubdiagonalsandkusuperdiagonals.TThecolumns

ofmatrixBareindividualrigTht-Thandsides(RHS),andtThecolumnsofXaretThecor-

respondingsolutions.TThisfunctionisbasedonLUdecompositionwitThpartialpivoting

androwintercThanges.TThefactoredformofAistThenusedtosolvetThesystemofequa-

tionsAX=B. TThesolutionofasystemisdoneintwosteps. First,apartialsolve

isdonewitThtTheupper-triangularUmatrixandtThenasolvewitThtThelower-triangular

Lmatrixisperformed.TThisisanefficientapproacThwThenmanyrigThtThandsideexist.

IntThepresentcasetThereisalwaysoneRHS,ie.X ∈Rn×1andB∈Rn×1. AstThe

systemswThicTharesolvedaredefinedwitThdiagonallydominantmatrices,pivotingisnot

performedduringexecutiontime. Moreover,tThe workversionoftThesolverneglects

anydatavaliditycTheckandtThusprovidesafaircomparison. TThescalarelementsof

diagonalblockmatrixarraysApn,B
p
nandC

p
naremappedtobandmatrixAandtThe

scalarelementsofdiagonalblockvectorarraysofdpnandu
p
naremappedtoXandB

accordingly. TTheperformanceoftTheroutineisexpectedtobeThigThastThetriangular

sub-matricesaresmallenougThtoresideinL1,L2orL3cacThe.ComparingtThesolutions

oftThebandedsolverwitThtTheblocktridiagonalsolverbytakingtThedifferencesbetween

tThecorrespondingscalarvaluessThowsMSE(MeanSquareError)intTheorderof10−4.

MSEdoesvariesbutstaysintTheorderof10−4
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asfloatingpointprecision,blocksize,

systemsizeortThenumberofsystemsiscThanged.
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Figure4.5andFigure4.6sThowtTheeffectivebandwidtThandcomputationtThrougThput.

TThetermeffectiveisusedtoempThasizetThefacttThattTheseperformancefiguresarecom-

putedonbasisoftTheactualdataneededtobetransferredandactualfloatingpoint

aritThmeticneededtobeperformed.AnycacThingandFMAinfluencingtThesefiguresare

tThereforeimplicitlyincluded.IngeneraltTheregistersThufflebasedGPUsolveroutper-

formstThesTharedmemoryversion,witThonemajorexceptionindoubleprecisionwitTh

M =8blocksize.IntThiscasetTheregisterpressureistooThigThandregistersgetspilled

intolocalmemory.

OnemaynoticetThat,astTheblocksizeincreasestTheeffectivebandwidtThdecreaseson

Figure4.5andtTheeffectivecomputetThrougThputincreasesattThesametimeonFig-

ure4.6. TThereforeitisimpliedtThattTheproblemisbecomingcomputelimitedratTher

tThanbandwidtThlimitedasitisdiscussedinSection4.2duetotTheincreasingdifference

betweentTheO(M3)computeandO(M2
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Figure4.5:Single(left)anddouble(rigTht)precisioneffectivebandwidtThwThensolvingblock
tridiagonalsystemswitThvaryingM blocksizes.BandwidtThiscomputedbasedontTheamount
ofdatatobetransfered. CacThinginL1andregisterscanmaketThisfigureThigThertThentThe

acThievablebandwidtThwitThabandwidtThtest.

ExecutiontimeperblockrowaresThownofFigure4.7. TTherelativeexecutiontime

measurestTheefficiencywThicThisindependentofproblemsize.TThetotalexecutiontime

oftThesolverisdividedbyNP,wThereNistThelengtThofasystemandPistThenumber

systemtThataresolved. DuetoalignmenteffectstTheperformanceforM =4and

M =8issignificantlybettertThanforsizestThatdon’tallowperfectalignment.TTheonly

exceptionistTheM
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=8casewThereexecutiontimedrasticallyincreasesfortThedouble

precisionsThuffleversion.TThisisduetoregisterspillingandlocalmemoryallocation,ie.

datacannolongerfitintoregisters,tThereforeitisputintolocalmemory,alsotThesmall
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Figure4.6: Single(left)anddouble(rigTht)precisioneffectivecomputationaltThrougThput
wThensolvingblocktridiagonalsystemswitThvaryingM blocksizes. GFLOPSiscomputed
basedontTheamountoffloatingpointaritThmeticoperationsneededtoaccomplisThtThetask.
Addition,multiplicationanddivisionisconsideredasfloatingpointaritThmeticoperations,ie.

FMA(FusedMultiplyandAdd)isconsideredastwofloatingpointinstructions.

localarraystThatsupposedtobeallocatedinregistersduetocompilerconsiderations

areputintolocalmemoryaswell.TThissThowstThattThepresentedGPUapproacThesThave

veryThigThefficiencyforM =2,..,8blocksizes.

AnNVIDIATeslaC2070GPUcardThasbeenusedtocomparetTheresultsagainsttThe

PCRsolverpresentedin[54]wThereanNVIDIATeslaC2050wasused.TThetwocards

containidenticalGPUswitThdifferentamountofglobalmemory,see[55].3GBisavail-

ableontTheC2050and6GBisavailableontTheC2070. TTheexecutiontimeswere

measuredfortThesingleprecisioncaseonblocksizeM =4,onP=512numberofprob-

lemseacThofwThicThisN=128long.TTheblockPCRbasedsolvercompletesin10.5ms

andtThe(sTharedmemorybased)blockTThomassolvercompletesin2.42ms. TThisisa

×4.3speeddifferencefortThesakeoftTheTThomassolver.×8.3and×9.8improvement

isacThievediftTheexecutiontimeperblockmetricsarecomparedandtThenumberof

systemstobesolvedisincreasedtoP=4096orP=32768.

TTheSIMDsolutionpresentedperformswellontTheCPU,butperformspoorlyontThe

MICarcThitecture. OnbotTharcThitecturestThecomputeintensiveloopswerevectorized

asitisreportedbytTheIntelcompiler.BotThtTheMKLbandedsolverandtThepresented

blocktridiagonalsolverrunmoreefficientlyontTheCPU.

Figure4.8
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presentstThespeedupoftTheblock-tridiagonalsolversonGPUovertTheMKL

bandedsolversandtTheCPUandMICbasedblocktridiagonalsolvers.TThisprovestThe
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Figure4.7:Single(left)anddouble(rigTht)precisionblock-tridiagonalsolverexecutiontime
perblockmatrixrowforvaryingblocksizes.

benefitoftThepresentedGPUbasedsolutions.Also,tTheThigThlyefficientCPUandMIC

implementationssThowtThebenefitofusingablocktridiagonalsolveroverabandedsolver

fortTherangeofblocksizesM =2,..,
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Figure4.8: Single(left)anddouble(rigTht)precisionblocktridiagonalsolverspeedupover
tTheCPUMKLbandedsolver.

SignificantspeedupagainsttTheCPU MKLbandedsolverisreacThedwitThtTheGPU-

basedsolver,upto×27insingleand×12indoubleprecision.TThemulti-tThreadedCPU

codeprovides×2−6speedupinsingleand×1.5−

DOI:10.15774/PPKE.ITK.2016.002

3speedupindoubleprecision.TThe

multi-tThreadedMICperformanceoftTheblocksolverisbettertThantTheCPUMKL,but

tThe MKLbandedsolverperformpoorlyontThe MIC.TTheefficiencyoftTheCPUrelies

ontThecacTheandout-of-orderexecutionperformanceoftThearcThitecture. TThesizeof

tThetemporaryblocksandarraysofblocksissmallenougThtofitintotTheL1andL2

cacThe.TTheout-of-orderexecutioniscapableofThidingsomeoftThe4clockcyclelatency
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ofaccessingtThesetemporarydatastructuresintTheL1cacThe. AstThe MIClackstThe

out-of-orderexecutionandtThecacThesizepertThreadismucThsmallertTheperformanceis

alsoworsetThantTheCPU.Moreover,tThegbsv()bandedsolveroftTheMKLlibrarydoes

notperformwellontTheMICarcThitectureasitsThows3timeslowerperformancetThan

tTheCPUMKLversion.

TTheadvantageofdoingblocktridiagonalsolveintTherangeofM =2,..,8insteadof

abandedsolveisobvious.ItisimportanttonotetThat,astTheblocksizeM increases,

tThecomputationsinvolvedinperformingblock-matrixoperations maketTheproblem

computelimitedinsteadofmemorybandwidtThlimited. TThetotalexecutiontimeof

computingasystemiscomposedofloadingtTheblocksofdataandperformingmatrix

linearalgebraontTheblocks.TTheformeronescalesasO(NM2)andtThelatteroneas

O(NM3),wThereNistThesystemsizeandM istTheblocksize.AstTheblocksizeincreases

tThecomputationalpartbecomesmoredominantintTheexecutiontimeandtThememory

accesstimebecomeslesssignificant.TThiscanbereadfromtTheFigures4.5and4.6–as

Mincreases,tThebandwidtThdecreasesandtTheGFLOPSincreases.

4.7 Conclusion

IntThedissertationitThasbeensThowntThatsolvingblock-tridiagonalsystemswitThM =

2,..,8blocksizeswitThtTheTThomasalgoritThmpaysoffovertTheIntelMKLbandedsolver.

ItThasbeensThowntThattTheadvantageoftTheblockTThomasalgoritThmistThecomputa-

tionalcomplexityovertTheCRorPCRalgoritThmandtThatparallelismcanbeincreased

byexploitingtThepropertiesoftTheblockmatrixoperations.TThesuperiorperformance

oftTheGPUreliesontThelowaritThmeticcomplexityoftTheTThomasalgoritThmandtThe

efficiencyoftTheparallelblockmatrixoperationsallowedbytTheworksTharingandtThe

registerblockingcapabilitiesoftTheGPUtThreads.SincetTheworkcomplexity(ie.num-

berofblock-matrixoperations)oftTheCR/PCRalgoritThmsaresignificantlyThigThertThan

tTheTThomasalgoritThm,tTheCR/PCRThasnoadvantageinblock-tridiagonalsolvers.Sig-

nificantspeedupisreacThedwitThtTheGPU-basedsolverwitThupto×27insingleand×12

indoubleprecision. TThemulti-tThreadedCPUcodeprovides×2−6speedupinsingle

and×1.5−
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3timesspeedupindoubleprecisionagainsttTheMKLbandedsolver.
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SolvingtTheBlack-ScTholesPDE

witThFPGA

5.1 Introduction

TTheaimistofurtTherexaminetThearcThitectural,programmabilityanddevelopmentissues

regardingnovelCPU,GPUandFPGAarcThitecturesintThecaseofonedimensional

finitedifferenceproblemliketTheone-factorBlack-ScTholes(BS)PDE.TTheBSPDEisa

parabolictypedefinedwitThDiricThletboundaryconditions.TThereforetThesolutionoftThis

problemissimilartotThesolutionoftTheTheatequationinonedimension.TTheproblem

canbesolvedusingexplicitandimplicittimemarcThing.AltThougThtTheexplicitsolution

isprogrammaticallymucThsimpler,itrequiressignificantlymoretimestepcomputations

tThantTheimplicitmetThod,duetostabilitylimitoftTheexplicitmetThod. Besides,tThe

implicitmetThoddoesn’tposesucThrestrictionsontThegridresolutionwThicThisdefinedby

tTheconvergencecriteriaoftTheexplicitmetThod.

TThebalanceofcomputationalspeed,programmingeffortandpowerefficiencyaretThekey

factorstThatdecidewThereacertainarcThitecturewillbeusedintTheengineeringandre-

searcThpractice.TTherefore,intThecurrentstudytThefollowingarcThitecture-parallelisation

toolcombinationswerecThosen:

•
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IntelXeon2socketserverCPUwitThSandyBridgearcThitecture:algoritThmsim-

plementedusingAVXISA(InstructionSetArcThitecture)intrinsicsinC/C++.

71
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•NVIDIATeslaK40GPUwitThKeplerarcThitecture:algoritThmsimplementedwitTh

CUDACprogramminglanguage

•XilinxVirtex-7FPGA:algoritThmsimplementedwitThVivadoHLS(HigThLevel

SyntThesis)C/C++language.

TThewayparallelismisexecutedandimplementedontTheseThardwareplatformsisusually

verydiverse.TThisisespeciallytrueintThecaseoftTheFPGAwTheretTheimplementation

ofparallelismuniquelydependsontTheproblematThandandtTheeffortoftThedeveloper.

AltThougThtThestandardwayofFPGAdevelopmentistThrougThtTheuseofVHDLorVerilog

Thardwaredescriptionlanguages,tThedevelopmenteffortwitThtTheseapproacThesarenot

comparablewitThtTheC/C++andCUDACdevelopmentefforts,asThardwaredescription

languagesaremorefine-grained.TTherefore,VivadoHLS(HigThLevelSyntThesis)Thasbeen

cThosentocreateaThigThperformingFPGAimplementationfromC/C++sourcecode.

TTheliteratureontThefinitedifferencesolutionoftTheBlackScTholesPDEisabundant,

butonlyafewpapersprovideatThorougThcomparisonofsolversonnovelCPU,GPU

andFPGAarcThitectures.See[56]forefficientalgoritThmsonCPUsandGPUs,[57]for

comparisonbetweenGPUandFPGAimplementations.FPGAimplementationsoftThe

explicitsolverarestudiedin[58]and[59],wThileimplicitsolutionisconsideredin[60].

5.2 Black-ScTholesequationanditsnumericalsolution

TTheBlack-ScTholes(BS)PDEforderivativesecuritypricingisacelebratedtooloftThe

Black-ScTholestTheory[61]. TTheone-factorBSintThecaseofEuropeancalloptionsis

sThownonEq.(5.1).

∂V

∂t
+rS

∂V

∂S
+
1

2
σ2S2

∂2V

∂S2
−rV
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=0 (5.1)

TTheBSequationisasecondorder,parabolic,convection-diffusiontypePDEsTharing

commonnumericalfeatureswitThtTheTheatequation.SolvingtTheseequationswitThex-

plicitorimplicittime-marcThingisfeasiblein1dimension(one-factorform).InThigTher

dimensionstThecostoftTheimplicitsolutionincreasesgreatlywThicThcanbeavoidedby
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moresopThisticatednumericalmetThods.SucThmetThodsarenottThescopeoftThedisserta-

tion.BotThexplicitandimplicitsolutionsiterateintimebackwards,sincetTheproblem

isafinalvalueproblemratThertThananinitialvalueproblem.Afterexplicit(backward

timedifferentiation)discretizationofEq.(5.1)tTheBSPDEboilsdowntotThealgebraic

expressionsThowninEq.(5.2).EvaluatingtThisexpressiongivestThepricecurveintThe

nexttime-step.

V
(n+1)
k =akV

(n)
k−1+bkV

(n)
k +ckV

(n)
k+1 (5.2)

witThcoefficients

ak=
1
2σ
2k2∆t−12rk∆t

bk= 1−σ
2k2∆t−r∆t

ck=
1
2σ
2k2∆t+12rk∆t

wThere(n)=0,...,N−1superscriptistThetimecoordinatewitTh∆ttimestep,k=

0,...,K−1subscriptistThepricecoordinatewitTh∆Spricestep(pricestepisfactorized

out),σistThevolatilityoftTheunderlying(risky)asset,ristTherisk-freeinterestrate.

Eq.(5.3)sThowstTheimplicitformoftThesolutionofBSPDE,wThicThrequirestThesolution

ofatridiagonalsystemofequations.

akV
(n+1)
k−1 +bkV

(n+1)
k +ckV

(n+1)
k+1 =V

(n)
k (5.3)

wThere

ak= −12σ
2k2∆t+12rk∆t

bk= 1+σ
2k2∆t+r∆t

ck= −12σ
2k2∆t−12rk∆t
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Sincemanyoptionsneedtobecalculatedinareal-worldscenario,anaturalparallelism

arisesincomputingtTheseoptionsinparallel.



CThapter5.SolvingtTheBlack-ScTholesPDEwitThFPGA 74

5.3 Multiand manycorealgoritThms

TTheproblemofsolvingtTheexplicitandimplicittime-marcThingisdoneusingstencil

operationsintTheexplicitcaseandusingtTheTThomasalgoritThmforsolvingtThetridiagonal

systemofequationsarisingintTheimplicitcase.TTheuseofstenciloperationavoidstThe

explicitconstructionofamatrix,tThereforeitisacommonlyusedmatrix-freemetThod

forcalculatingexplicitEulersolutionofPDEs,seeSection5.4.1fordetails.IndeptTh

detailsandcomparisonoftTheCPUandGPUimplementationscanbefoundin[56].

5.3.1 Stenciloperationsforexplicittime-marcThing

TTheonedimensional,stencil-basedcomputationsrequiredfortTheone-factorapplication

canbeefficientlyimplementedonbotThCPUsandGPUs.

TThesystemspecificationoftTheCPUsystemusedinourworkconsistsofatwosocket

IntelXeonE5-2690(SandyBridge)8core/socketserverprocessors.EacThcoreThas32KB

L1and256KBL2cacTheandalltThecoresinasocketsTharea20MBofL3sTharedcacThe.

EacThsocketThasa51.2GB/sbandwidtThtoRAMmemoryandatotal66GB/sbandwidtTh

is measuredfortThetwosocketsbytTheSTREAMbencThmark[62]. TThetTheoretical

maximalfloatingpointcomputationallimitofasinglesocketis318GFLOPSforsingle

and171GFLOPSfordoubleprecision.TThetotalmaximaldissipatedpoweroftThetwo

socketis270 W.

TTheGPUusedintThecurrentcomparisonisanNVIDIATeslaK40cardwitThtTheGK110b

microarcThitecture.TThetTheoreticalmaximalbandwidtThoftThesystemtowardstThemain

memoryis288GB/s. TThemaximumbandwidtThacThievedwitThtTheCUDAtoolkit’s

memorybandwidtThtestprogramis229GB/s.TThetTheoreticalmaximalfloatingpoint

computationallimit5.04TFLOPSforsingleand1.68TFLOPSfordoubleprecision.

TThetotalmaximaldissipatedpoweroftTheGPUcardis235 W.

CPUimplementation
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StencilbasedcomputationscanbeefficientlyimplementedonCPUsequippedwitThvec-

torinstructionssetssucThasAVXorAVX2. DuetotTheefficientandlargeL1cacThe

(32KB)tTheseproblemsonCPUstendtobecomputelimitedratThertThanbandwidtTh
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limited. OnatypicalCPUimplementationtThecomputationsareparallelizedovertThe

setofoptions.SmallersubsetsofoptionsaresolvedusingmultitThreadingwitThOpenMP

andoptionswitThinasubsetaresolvedwitThintThelanesofCPUvectors.

GPUimplementation

GPUs,duetotTheimplementedtThreadlevelparallelismandcompile-timeregisteral-

locationgivemorefreedomforbettervectorizationandoptimizationandtThereforetThe

acThievablecomputationalefficiencyisveryThigTh.AmongtThemanypossibleefficientalgo-

ritThmsdiscussedin[56]tThebestperformingutilizestThenewregistersThuffleinstructions

tosTharetThework-loadofcomputingasingletimestep. TThesThuffleinstruction(intro-

ducedintTheKeplerarcThitecture)makescommunicationpossiblebetweentThetThreads

insideawarp,ie.sThuffleallowsdatatobepassedbetweenlanes(tThreads)inavector

(warp).

5.3.2 TThomasalgoritThmforimplicittime-marcThing

TThesolutionoftTheimplicitformoftThediscretizedBSequationrequirestThesolutionof

atridiagonalsystemofequations.TThesolutionoftThesystemisessentiallytTheGauss-

Jordaneliminationprocessdetailedin3.2.1.

CPUimplementation

TTheCPUimplementationreliesonL1cacTheperformanceandvectorizationoveroptions

witTheitTherautovectorizationorexplicitvectorizationwitThinstrinsicfunctions. Due

tovectorization,4optionswitThdoubleprecisionor8optionswitThsingleprecisionare

solvedinparallelwitThAVXorAVX2instructions.TTheworkloadoftThecompletesetof

optionsistThenparallelisedusingmultitThreadingwitThOpenMP.

GPUimplementation

JustasintThecaseoftTheexplicitsolver,tTheGPUsolverallowsformoreoptimiza-

tion. TThediscussionoftThesenovel,optimizedalgoritThmscanbefoundin[56

DOI:10.15774/PPKE.ITK.2016.002

]. Be-

sidetTheTThomasandtThePCR(ParallelCyclicReduction)algoritThms,anewThybrid
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TThomas/PCRalgoritThmisalsointroducedin[56].TTheefficiencyoftThelatteralgoritThm

reliesontTheaforementionedregistersThuffleinstructionandcompile-timeregisterallo-

cation. TThealgoritThmworksonawork-sTharingbasisintThreesteps:1)tThesystemof

sizeNissplitinto32pieceswThicTharepartiallysolvedandresultsinareducedsystem

ofsize64;2)tThreadscooperatetosolvetThe64sizesystemwitThPCR;3)tThesolutionof

tThereducedsystemisusedtosolvetThepartiallycomputedsystemsinstep1).

5.4 FPGAimplementationwitThVivadoHLS

FormanyyearstThereThasbeennobreaktThrougThforFPGAsintThefieldofHPC(HigTh

PerformanceComputing).OvertTheyears,researcThThasbeencarriedouttocreatetoolsto

supportdevelopmentforFPGAsinClanguage.RecentlysyntThesertoolswitThOpenCL

(OpenComputingLanguage)supportappearedforAlteraandXilinxFPGAs.Xilinxin

itsVivadoHLS(HigThLevelSyntThesis)suitestartedanewsoftware-basedsyntTheserfor

tTheC,C++andSystemClanguages.TThesetoolsappearedasaresponsetotTheneedof

fastersystemrealization.TTheVivadoHLSsupportforCwitThitscustomizedsupport

fortTheXilinxFPGAisapotentiallyefficientsolution.

5.4.1 Stenciloperationsforexplicittime-marcThing

StenciloperationsareawidelystudiedareaofFPGAalgoritThms,see[63]. Manysignal

andimageprocessingalgoritThmsimplementedonFPGAsutilizesimilarsolutionstotThat

usedinexplicitsolutionofonedimensionalPDEswitThstenciloperations.

OneoftThekeyoptimizationsinFPGAcircuitdesignistThemaximizationoftTheuti-

lizationofprocessingelements. TThisinvolvescarefulimplementationtThatallowsfor

pipeliningcomputationstokeeptThelargestpossibleThardwareareabusy.InHPCter-

minologytThisoptimizationissimilartocacThe-blocking,altThougThtTheproblemisnottThe

datamovementbutratTherkeepingtThesystembusy.

OnewaytocreatesucTha(systolic)circuitryistocreatemultipleinterleavedprocessing

elementswitThsimplestructuretoallowlowlatencyandThigThtThrougThput.EacThprocess-

ingelementiscapableofThandlingtThecomputationassociatedwitThtThreeneigThboring

elementsf(u
(n)
k−1,u

(n)
k ,u

(n)
k+1)witThinasingletimestepn,wTheref
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istThestenciloperation.
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OnemaystackanumberofsucThprocessingelementstoperformconsecutivetimestep

computationsbyfeedingtTheresultofprocessorp=1top=2assThownonFigure

5.1. TTheresultu
(1)
k+1 off(u

(0)
k ,u

(0)
k+1,u

(0)
k+2)isfedintotThetThirdinputoftTheelement

processingelementp=2.TThiswaytTheprocessingelementsstaybusyuntiltTheyreacTh

tTheendoftThesystem. TThereareanumberofwarm-upcyclesuntilalltTheprocessors

gettThedataonwThicThtTheycanoperate.TThisintroducesaninsignificantrun-updelayif

tThesizeoftThesystemtobecalculatedislargertThantThenumberoftTheprocessors.EacTh

processingelementneeds2clockcyclestofeedintThenecessary2elementsintTheirFIFO.

FortThetThirdclockcycletThetThirdelementisalsoavailableandtThecomputationcanbe

executed.SincetTherearePnumberofprocessingelementstThatneedtobeinitialized

toperformtThelock-steptimeiterationonagivensystem,tThetotaldelayoftThesystem

is2P,ie.tThePtThprocessorstartsexecutingastenciloperationafter2∗Pclockcycles

oftThestartoftThesimulation.

Largerunits,calledprocessorsarecomposedof80and85processingelementsintThecase

ofsingleanddoubleprecisionsolutions.ResourcerequirementsoftTheseprocessorsare

sThowninTable5.1
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.Forsingleanddoubleprecisionrespectively3and1sucThprocessors

canbecrammedontotTheFPGAusedintThestudy.

Figure5.1: StackedFPGAprocessingelementstopipelinestenciloperationsinasystolic
fasThion.TTheinitialsystemvariablesu

(0)
0 ,...,u

(0)
K−1aresweptbytThefirstprocessingelement.

TTheresultu
(1)
k+1 isfedintotThesecondprocessingelement.
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Table5.1: FPGAResourcestatisticsforasingleprocessor. TThefinalnumberofimple-
mentableexplicitsolversisboundedbytThe3600DSPslices,wThiletThenumberofimplicit
solversisboundedbytThe2940BlockRAMBlocksontTheXilinxVirtex-7XC7V690Tproces-

sor.

#BRAM #DSPslice Clock[ns] ×106Ticks

SP DP SP DP SP DP SP DP

Explicit 24 64 1200 3570 4.09 4.01 334 315

Implicit 256 512 37 94 4.26 4.3 14.2 12.6

Note:SP-SinglePrecision,DP-DoublePrecision

5.4.2 TThomasalgoritThmforimplicittime-marcThing

TTheoptimizationoftTheimplicitsolverreliesontTheprincipleofcreatingindependent

processorstoperformtThecalculationofindependentoptions.TThecalculationisbased

ontTheTThomasalgoritThmdetailedinSection3.2.1.EacThoftTheseprocessorsiscapableof

pipeliningtThecomputationofmoreoptionsintotThesameprocessorwitThtTheassociated

costofstoringtThetemporary(c∗,d∗)arraysofeacThoption.c∗,d∗arraysarecalculated

accordingtoAlgoritThm1. TThenumberofoptionstThatcanbepipelinedisdefinedby

tThedeptThoftTheforwardsweepoftTheTThomasalgoritThm,wThicThis67clockcyclesin

tThepresentcase. TThetemporarystorageisimplementedintTheavailableBlockRAM

memories,butduetotThedeeppipelinetTheBRAM memoryrequirementlimitstThe

numberofdeployableprocessors.

TThecurrentHLScompilerfailstorecognizetThatnodataThazardexistbetweenc∗iand

c∗i−1intThetwoconsecutiveiterationsoftTheforwardpassintThetridiagonalalgoritThm

andtThereforerefusestoproperlypipelinetTheloop. Asecondarytemporaryarrayis

usedtostoreacopyoftThetemporaryarrays–tThiscThangestThedataflowandguides

tThecompilertowardspipelining.

AsingleprocessorunitfortTheimplicitsolverThasresourcerequirementsspecifiedon

Table5.1.Forsingleanddoubleprecisionrespectively11and5oftTheseunitscanbe

crammedontotTheutilizedFPGA.

5.5 Performancecomparison
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FPGAperformanceiscomparedtoThigThlyoptimizedCPUandGPUcode.Estimations

basedontTheXilinxVivadotoolsetaremadetopredicttTheacThievableclockfrequencyon



CThapter5.SolvingtTheBlack-ScTholesPDEwitThFPGA 79

Table5.2:Performance-SinglePrecision

ps/element GFLOPS GFLOPS/W

C G F C G F C G F

Explicit 15.2 2 17.4 394 3029 344 1.46 12.9 8.6

Implicit 142.7 14.5 766 139 1849 26 0.51 7.9 0.65

Note:C-2XeonCPUs,G-TeslaK40GPU,F-Virtex-7FPGA

Table5.3:Performance-DoublePrecision

ps/element GFLOPS GFLOPS/W

C G F C G F C G F

Explicit 29.8 4.1 48.2 201 1463 124 0.74 6.2 3.1

Implicit 358.8 43.5 1748 48 892 9.8 0.18 3.8 0.24

Note:C-2XeonCPUs,G-TeslaK40GPU,F-Virtex-7FPGA

aXilinxVirtex-7VX690T.Performancemetriciscalculatedonagridelementbasisto

eliminatetTheeffectsofarcThitecturaldifferences,ie.tThetotalexecutiontimeisdividedby

tThenumberofsystemelementsKandtotalNtimestepsmade.Tomimicareal-world

scenariotTheak,bk,ckcoefficientsoftTheexplicitandimplicitmetThodsaresetupintThe

firstpThaseoftThecomputationandstoredina,b,carraysforeacThoptionindependently.

EveryimplementationusestThesearraystoperformtThecomputation.

TThecThosenFPGAisequipedwitTh108kslices,3600DPSslicesand3000BRAMofsize

18Kb.TThetotalmaximalpowerdissipationallowedbytThepackagingisexpectedtobe

lesstThen40 W.

TTheresultsofmeasurementsarepresentonTable5.2and5.3.BasedontThefiguresitcan

bestatedtThattTheproposedFPGAimplementationisslowertThantTheThigThlyoptimized

CPUimplementation,butitissignificantlymorepowerefficient.ComparedtotTheGPU

versiontTheFPGAissignificantlyslowerandeveniftThepowerdissipationoftTheGPU

isThigThertThantTheFPGAtTheoverallpowerefficiencyisThigTherfortThesakeoftTheGPU.

5.6 Conclusion
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Awellstudiedfinitedifferenceproblem–tThesolutionoftTheBlack-ScTholesPDE–is

cThosentocomparenovelCPU,GPUandFPGAarcThitectures.EfficientFPGAbased

implementationoftTheexplicitandimplicitBSsolversThavebeencreatedusingVivado
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HLS.TTherelativelylowprogrammingeffortandtTheacThievedefficiencyoftTheresulting

circuitrysThowsapromisingsteptowardstTheapplicabilityofFPGAsinanHPCen-

vironmentandmorespecificallyinfinitedifferencecalculations. AltThougThtTheoverall

performanceisnotsignificantlyThigThertThantTheCPU,tTheThigTherpowerefficiencymakes

tThisapproacThviableinpowerconstrainedsystemandsolutions.TTheresultsontTheotTher

ThandclearlysThowtThesuperiorperformanceofGPUsbotThintermsofcomputational

efficiencyandpowerefficiency.
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GPUbasedCNNsimulatorwitTh

doublebuffering

6.1 Introduction

TThebarecomputingpowerofGPUdevicesistremendouscomparedtotTheconventional

CPUs,seeFig. 1.5
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. AttThispointitiswortThnotingtThattThememorywallintThis

computingenvironmentistThemostproblematicbottleneck.UsuallytThedataisstored

intThemainmemoryoftThesystem. ACPUcanaccesstThismemorytThrougThacacThe

ThierarcThy(witThamaximum21GB/sbandwidtTh),wThicThisquitefastcomparedtotThe

aGPUtThatcanaccesstThisdataonlytThrougThaPCIe(PCIExpress)bus(witTh4GB/s

aggregatedspeedtThrougTha16lanePCIeconnector). OntTheotTherThandwThentThe

dataisontThedevice(GPU)memoryitcanbeaccessedbytTheGPUwitTh128GB/s

tThrougTha256bitwidtThGDDR5memoryinterface(accordingtotThespecificationof

nVidiaGeForceGTX560-AsusDCIITopgrapThicscard).

TThecomputingpoweroftThesedevicesisgivenbytThelargeamountofcomputingunits,

tThecores.DifferentGPUmanufacturersconstructtTheircoresdifferently.Butitiscom-

montThateacThcorecontainspipelinedALU(AritThmeticLogicUnit)tThatimplements

tThemostessentialaritThmeticfunctions.TTheseunitsThavesmallerinstructionsetimple-

mentedtThanCPUsThave.TTheGeForceGTX560GPUThas336CUDA(ComputeUnified

DeviceArcThitecture)coresinit,forwThicTh1.95billiontransistorsThavebeenused. An

Inteli5660CPUThastwocomputingunitstThatareimplementedusingonly380million

81
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transistors(witThouttTheintegratedGPUunit).TThesetwounitsareusedas4coresby

tTheThelpofaThardwareimplementedHyper-TThreadingTecThnologydevelopedbyIntel.

6.2 TTheCNN model

DuringtTheanalisystTheconventionalCNNmodelintroducedin[64,17]isused.Briefly

describingtTheCellularNeuralNetworkislocallyconnectedrecurrentneuralnetwork,

assThownonFigure6.1.

Figure6.1:Left:standardCNN(CellularNeuralNetwork)arcThitecture.RigTht:CNNlocal
connectivitytoneigThborcells.Source:[64]

TThelocalconnectivityisdefinedbyaradiusofneigThbourThood. TTheoriginalmodelis

ananalogueonedefinedbytThedifferentialequationEq.(6.1).

ẋi,j(t)=−xi,j(t)+

C(k,l)∈Sr(i,j)

A(i,j,k,l)yk,l(t)+

C(k,l)∈Sr(i,j)

B(i,j,k,l)uk,l(t)+zi,j

(6.1)

wTherex(t)istThestatevariable,C(k,l)isanelementintTheSr(i,j)neigThbourThood,

A(i,j,k,l)andB(i,j,k,l)aretThefeed-backandfeed-forwardtemplates,uk,l(t)istThe

input,zi,jistTheoffsetandyk,l(t)istTheoutputtThatiscalculatedaccordingtotTheformula

onEq.(6.2)andsThownonFigure6.2.

yk,l(t)=f(xk,l)=0.5(|xk,l+1|−|xk,l−1|
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) (6.2)
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Figure6.2:PiecewiselinearoutputfunctiondefinedinEq.(6.2).Source:[64]

TThesolutionoftThisstateequationisapproximatedusingtTheforward-EulermetThod

sThowninEq.(6.3).

xi,j(k+1)=xi,j(k)+Th



−xi,j(k)+

C(k,l)∈Sr(i,j)

A(i,j,k,l)yk,l(k)+

C(k,l)∈Sr(i,j)

B(i,j,k,l)uk,l(k)+zi,j



 (6.3)

IfoneassumestThattTheinputimageispermanentduringtThesolution(i.e.uk,l(k)=uk,l)

oftThestateequation,tThecalculationcanbedividedintotwoparts:tThefeed-forward

andtThefeed-backpart.TThefeed-forwardpart(Eq.(6.4))containsalltThecalculations

tThatThastobedoneonlyonce,attThebeginningoftThecalculation.

gi,j=

C(k,l)∈Sr(i,j)

B(i,j,k,l)uk,l+zi,j (6.4)

TThefeed-back(Eq.(6.5))usestTheresultsoftThefeed-forwardparttoperformtThegiven

numberofiterations:

xi,j(k+1) = xi,j(k)+Th



−xi,j(k)+

C(k,l)∈Sr(i,j)

A(i,j,k,l)yk,l(k)+gi,j



 (6.5)

TThiswayunnecessarycalculationscanbeavoided.

TThediffusiontemplate(Eq.(6.6))witThTh=0.
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2stepsizeThasbeenusedtomeasure

tTheperformanceoftThepresentedimplementations. TTheresultoftThetemplateona
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grey-scaleimageissThowninFig.6.3.
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Figure6.3:Exampleofdiffusontemplate.OriginalimageontTheleft,diffusedimageontThe
rigTht.

6.3 GPUbasedCNNimplementation

EarlierdifferentimplementationsofCNNusingGPUwerereported[18,65,66].IntThis

dissertationadifferentapproacThispresented.

AtfirstsigThttThespatialorganizationoftThecoresoftTheGPUmakestThearcThitecturetThe

perfectcThoiceforimplementationofaCNN.TThememoryaccesspatternoftTheCNN

simulationmakestThisproblemamemory-bandwidtThboundedproblem. Fortunately,

tTheintroducedmemorycacThingstructureperfectlyfitstTheproblemandThidesmostof

tThelatencyandbandwidtThlimitations.

TThefollowingdiscussiondetailstTheuseoftextureandconstantcacThingmetThods,see

Fig.6.4fortThecodesnippets.TThearraycontainingtTheimagedataisallocatedintThe

mainfunction.AtexturearrayreferenceisdefinedintThecodeasglobalvariable.TThe

referenceisboundedtotThefloatarrayusingtThecudaBindTexture2D()function.IntThis

waytThearraycanbewrittenusingglobalmemoryaccess(tThrougThL2/L1cacThe)and

readasread-onlymemorytThrougThtThetexturecacThe.AftertThetexturecacTheisdefined

itcanbereadusingtThetex2D()
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function.SimilarlytotTheprevioustexturedefinition,

tTheconstantmemorydefinitionworksintThefollowingway. TThearraycontainingtThe

templatevaluesisstoredinafloatarray.Aglobalconstantmemoryreferenceisdefined.
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TThisreferenceisboundedtotThefloatarrayusingtThecudaMemcpyToSymbol()function.

AftertTheconstantcacTheisdefineditcanbeusedasaconventionalarrayusingsquare

brackets.

__constant__floattemplateA_cf[9];
texture<float,2,...>state_tex;
...
__global__voidCNNfeedback(...){
...
temp+=activate(tex2D(state_tex,x,y))*templateA_cf[4];
...

}
...
intmain(){
...
float*dev_state_f;
cudaMalloc(&dev_state_f,allocSize);
cudaBindTexture2D(state_tex,dev_state_f,cThannel,512,512,allocSize);
...
floattemplateA_f[]={0.1,...};
cudaMemcpyToSymbol("templateA_cf",templateA_f,size);
...
CNNfeedback<<<blockD,gridD>>>>(...);
...

}

Figure6.4:TTheuseoftextureandconstantcacThing-codesnippetsfromsourcecode.
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UsingtThesetecThniquestTheCNNstateequationcanbesolvedeasily.IftTheinputim-

ageconsideredstatic,tThefeed-forwardpartoftTheequationThastobecalculatedonly

once.TThisresultcanbereusedineveryiterationoftThefeed-backpartoftTheequation.

TTheequationissolvedwitThtTheconventionalforward(explicit)EulermetThoddiscussed

earlier.

TwokernelsareimplementedtosolvetThestateequation.OnetThatcalculatestThefeed-

forwardpartandonetThatperforms50iterations.

EverytThreadtThatrealizestThekernelcalculatesonepixeloftThestateequation.TThreads

areorganizedin32x32sizedblocks,andtThegridsizeiscalculatedaccordingtotThesize

oftTheimage.TTheblocksizeThasbeenobtainedbytrialanderrormetThod.

OneiterationoftThestateequationiscalculatedineacThkernelinvocation.TThus50+1

(feed-backs+feed-forward)kernelinvocationsarenecessarytoperformtThecalculations.

TThisisanimportantfact,becausekernelinvocationsareOSdependent.UnderWindows
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eacThkernelinvocationtakes36µs. TThisvalueissignificantlylowerunderLinux. TThe

overalltimesavedbyrunningtTheentiresimulationunderLinuxisnearly0.9ms.

TTheavailablecomputingpowerisnotutilisedperfectly.TThememorywallproblemcan

notbeavoidedevenwitThtThesetecThniques.UsingtextureandconstantcacThetThecode

becomesclearandefficient.

6.4 CPUbasedCNNimplementation

FortThesakeofcomparisonanoptimizedCPUcodeThasbeenproduced.DuringtThetests

anInteli5600isusedwitTh2coresat3.33GHzclockrate,4MBL3,256KB/coreL2

and64KB/coreL1cacThe. TThelatterissubdividedtodataandinstructioncacThe,in

32KBand32KBpartitions.TTheprocessorThasThardwaresupportformultitThreaded

applications,calledHyper-TThreadingTecThnology(HTT),wThicThisIntel’simplementa-

tionofSMT(SimulataniousMultiTThreading).TThisprocessorisbasedontThe Westmere

arcThitecture.

TTheoptimizedCNNsimulatorcodeexploitstThebenefitsoftTheSSE4.2(StreamingSIMD

Extension4,subset2)instructionset. TTheseinstructionsareoperatingontThe128

bitwidespecializedregistersand4singleprecisionfloatingpointoperationscanbe

performedineacThclockcycle.

FortTheimplementationtTheIntelIntegratedPerformancePrimitives(IPP)librarywas

used. TThislibrarycontainsThigThlyoptimizedimageandsignalprocessingfunctions

forIntelCPUs.IttakesadvantageoftTheSSE4.2instructionsetandtTheHTT,tThus

providinganeasytouseyetefficienttoolforsolvingtThestateequationofCNN.

First,tTheforwardpartiscalculatedusinga2dimensionalconvolutionwitThtTheippi-

ConvValid32fC1R()function.TThen50iterationsareperformedusingtThesameconvo-

lutionfunctionandippsSub32fI,ippsMulC32fI,ippsAdd32fIfunctionsforimagewise

subtraction,multiplicationandaddition.TTheforloopisinitiatedusingmultitThreading.

WitThtTheThelpofHTTand openmptThespeedoftThecalculationcanbeincreasedsig-

nificantly.Interproceduraloptimizationandlevel2optimizationisusedwitThtTheIntel

compiler(switcThesused:-openmp-O2-ipo-xSSE4.2

DOI:10.15774/PPKE.ITK.2016.002

).



CThapter6.GPUbasedCNNsimulatorwitThdoublebuffering 87

6.5 Comparisonofimplementations

ExThaustivecomparisonoftThepresentedimplementationstogetTherwitThtTheprevious

FPGAandGPUimplementationsisdetailedintThissection.First,tThepresentedGPU

andCPUimplementationisdiscussed.TThentTheseresultsarecomparedtopriorimple-

mentationscreatedbydifferentautThors.

InordertocomparetThetwodevicestThetTheoreticalFLOPS(singleprecision)rates

provideagoodbasis.TThetestsystemwasadesktopmacThinewitThanIntelCorei5660

processor,4GBofRAMs,anIntelmotTherboardandAsusgrapThicscardwitThnVidia

GeForceGTX560DCIITop(over-clockedbyAsusto925MHzengineand1850 MHz

sThaderfrequency).TTheoperatingsytemwasa64bitUbuntu11.10witThkernelversion3,

nVidiadriverversion285.05.33andCUDA4.1toolkitwasused.AccordingtoIntel[67]

tTheperformanceoftTheprocessoris26.664GFLOPS(at3.33GHz)and29GFLOPS(at

3.6GHzSingleCoreMaxTurbo).Accordingto[68]tThedualwarpscThedulerintTheFermi

arcThitectureiscapableofissuing2instructionsperclockcycle,tThustThetotalnumber

ofinstructionsissuedpersecondistTheproductofclockcyclespersecondandtThen

numberofCUDAcorestimestThe2instructionissuedpersecond:f×n×2=1850Hz×

336cores×2=1243.2GFLOPS.HowevertThereareonlynnumberofcores,tThegrapThics

processoriscapableofperformingonlyf×n=1850Hz×336cores=621.6GFLOPS,

i.e. eacThcorecaninitiateonefloatingpointoperation(Addition, Multiplicationor

FMA-FusedMultiplyandAdd)perclockcycle[21].FMAinstructionsarecountedas

2instructions,tTherforetTheoreticalpeakperformanceis1243.2GFLOPS.Performance

metricsoftThedifferentarcThitecturesarecomparedonTable6.1.

Table6.1:Comparisontable

CPUIntel GPU NVIDIA CPUIBM GPUNVIDIA FPGAXilinx

i5660 GTX560 CELL[69] 8800GT[18] XC5VSX240T[19]

Clockrate[MHz] 3330 1850 3200 1350/1500 550

Cores[pcs] 2(4tThreads) 336 8 120/112 117

GFLOPS 26.664 1243.2(FMA) 25.6 504 -

TDP[W] 73 150 86 160 25

Celliter./s[106] 397 4397 3627 590 64350

Comm.time[ms] 0 1.56 - - 4.48

Speedup 1 11.07 9.13 1.49 162.1

ResultsoftThepresentedGPUandCPUimplementationson512x512sizedimagecom-

paredtotThepreviousresults[18,19,70,69]aresummarizedonTable6.1
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UsingtThepresentedGPUandCPUimplementations4397and397celliterationper

secondwasacThievedrespectively. TTheresultssThowtThattTheXilinxVirtex-5FPGA

implementationistThefastestduringtThesolutionoftTheCNNstateequation. Taking

intoaccounttThattThefirstCELLprocessorwasintroducedin2005,tThissolutionThas

aremarkableperformanceevennowadays. TThepresentedsolutionusingtTheGTX560

GPUoutperformedtThepreviousGPUimplementationreportedbySoosetal.[18].

TThecurrentimplementationis7.45timesfastertThantThe8800GTimplementation,if

tThememorytransfertimeisnotconsidered. TThisfactorisreducedto5iftThedata

transferoverTheadistakenintoaccount. PartiallytThisisexplainedbytThefactstThat

tThenumberofcores,tThefrequency,tThecontextswitcThing,tTheFMAinstructionsand

otTherminordevelopmentsThavebeenintroducedintTheFermiarcThitecture. TThemain

differencebetweentThepreviousandtThecurrentimplementationsistThewaystateimage

isaccessedandstored.Inapreviouswork[18]tThesTharedmemoryisusedtostoreparts

oftThestateimage,wThereasintThepresentcasetexturecacTheThasbeenusedfortThis

purpose.

ItThastobenotedtThattTheconversionoftThe8bitintegerpixelvaluesto32bitfloating

pointvaluescouldbedoneonGPUaftertransferringtTheintegerdatatotThedevice

memory.TThussignificant(factor4)transfertimecouldbesaved,wThiletTheconversion

couldbeperformedwitThinmicroseconds.

6.6 Conclusion
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AnovelGPUimplementationof3x3templatesizedCNNsimulatortogetTherwitTha

CPUimplementationThasbeenintroducedintThiscThapter. AcomparisonwitThtTheso

farpublisThedresultsThasbeendiscussed.TThepresentedGPUimplementationissignif-

icantly11.07timesfastertThantThenearoptimalCPUimplementationand7.45times

anearlier8800GTGPUimplementation.ItisevenfastertThantTheCELLprocessor

implementation. TTheFPGAimplementationistThefastestbutdevelopingpropercir-

cuitryforanFPGAtakesmucThmoreefforttThantoprepareaGPUcode.TThepresented

GPUsolutionissimpleandeffective,tThusitisagoodcThoiceforsimulationoftTheCNN

dynamics.



CThapter7

UnstructuredGridComputations

7.1 Introduction

ScientificandengineeringapplicationsrequiretTheuseofparallelprogrammingmod-

elsonnovelmassivelyparallelprocessorarcThitecures.SucThmodelsandprogramming

languagesareforinstanceCUDA,OpenCL,OpenMP,OpenACCetc.,wThicTharewell

establisThedforprogrammingmultiandmany-corearcThitecturessucThasGPUandMIC.

ItisnotobviouswThatmodeltousetoexploitvectorunitsoftThesearcThitectures.TThere-

fore,itisimportanttounderstandtTheprogrammingmodelsavailableforvectorizing

codes. SingleInstruction MultipleTThreads(SIMT)andSingleInstruction Multiple

Data(SIMD)arecloselyrelatedbutsignificantlydifferentabstractionswThenitcomes

tovectorization.

Unstructuredgridapplicationsareakeyclassofscientificandengineeringdisciplines.

TTherefore,understandingThowtTheSIMTandSIMDprogrammingabstractionmapto

aCPUoraMICarcThitectureisofThigThinterestintThecommunity. OpenCLisapro-

gramminglanguagetThatsupportstTheSIMTabstractionandThigThperformancecompiler

fromCPUandMICvendorIntelisavailable.

OP2[71]isadomainspecificabstractionframeworkforunstructuredgridapplications.

TThereaderissuggestedtostudy[72,73
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]fortThedetailsofparallelizationoftTheOP2

framework. AnOpenCLextensionforOP2wasdevelopedtobencThmarktTheperfor-

manceofOpenCLonmany-corearcThitecturesliketTheIntelXeonserverCPUandXeon

PThico-processor.TTheapplicationsimplementedwitThOP2arereal-worldrepresentative

89
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CFDcodes:1)Airfoil[74]-twodimensionalfinitevolumesimulationcodeforsim-

ulatingairflowaroundanairfoil;2)Volna[75]-tsunamisimulationcodewTheretThe

geometryoftThebatThymetryisdescribedbyatwodimensionalgridandwatercolumn

ThigThtisdefinedbydependentvariablesofaPDEabovetThegridpoints.TTheseOpenCL

implementationsarecomparedwitThotTher(non-vectorized)parallelizationspreviously

developedwitThOP2fortThesameapplication.

Many-coreco-processorssucThasGPUsThaverequirednewprogrammingapproacThesfor

generalpurposesoftwaredevelopment. TThenewlanguagesforGPUsstemfromtThe

SIMTabstraction. NVIDIA’sCUDAprogramminglanguageThasgainedwidespread

popularityandThasdevelopedalargesoftwareecosystem. Howeveritisrestrictedto

NVIDIAGPUsonly.OpenCL,basedonaverysimilarSIMTmodel,supportsawider

rangeofThardware,butThasnotdevelopedanecosystemcomparabletotThatofCUDA

-inpartbecauseitstruggleswitThtTheperformanceportabilityofOpenCLcodesand

tThelackofproactivesupportfromsomeThardwarevendors. AttThesametime,larger

vectorunitsarebeingdesignedintoCPUs,andattThelowestleveltTheyrequireavery

explicitSIMDprogrammingabstraction.InaSIMDabstraction,operationsarecarried

outonapackedvector(64-512bits)ofvaluesasopposedtoscalarvalues,anditis

morerestrictivetThantTheSIMTmodel.ForexampleintThecaseofdata-drivenrandom

memoryaccesspatternstThatariseinkeyclassesofapplications,computationsrequire

explicitThandlingofaligned,unaligned,scatterandgatThertypeaccessesintThemacThine

code.Incontrast,intTheSIMTmodeltThisiscarriedoutimplicitlybytTheThardware.

TThesTharedmemoryparallelprogrammingmodelformulti-tThreadingThasbeentThedom-

inantmodelforprogrammingtraditionalCPUbasedsystems,wTheretaskortThreadlevel

parallelismisusedformulti-tThreading(OpenMP,POSIXtThreads).ButtTheemergence

ofacceleratorssucThasGPUs(e.g.NVIDIAGPUs[22]),tTheIntelXeonPThi[76]andsim-

ilarco-processors(DSPs[77],FPGAs[78
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])ThavecomplicatedtThewayinwThicThparallel

programsarewrittentoutilizetThesesystems.Eventraditionalx86basedprocessorcores

nowThaveincreasinglylargervectorunits(e.g.AVX),andrequirespecialprogramming

tecThniquesinordertogettThebestperformance.

InpreviousgenerationsofCPUsvectorizationofcomputationswasoflesserimportance,

duetotThesThortervectorunits,ThowevertThe256bitand512bitlongvectorsThavebe-

comekeyfeaturesintThelatestarcThitectures,tTheirutilizationisincreasinglynecessaryto



CThapter7.UnstructuredGridComputations 91

acThieveThigThperformance.TThisThasdrawntTheauto-vectorizationcapabilitiesofmodern

compilersintofocus;sucThcompilersatbestcouldonlyvectorizeafewclassesofappli-

cationswitThregularmemoryaccessandcomputationpatterns,sucThasstructuredgrids

ormultimedia. WThiletTheXeonPThiisdesignedasanacceleratorwitThprocessorcores

basedonasimplerx86arcThitectureitThastThelargestvectorlengtThscurrentlyfoundon

anyprocessorcore.However,itrequiresveryexplicitprogrammingtecThniquesspecific

totTheThardwaretogainmaximumperformance.

Tomakeefficientuseoftoday’sTheterogeneousarcThitectures,anumberofparallelization

strategiesThavetobeemployed,oftencombinedwitTheacThotThertoenableexecutionin

differentsystemsutilizingmultiplelevelsofparallelism.ItThasbeensThowntThatverylow

levelassemblyimplementationsofalgoritThmscandeliverperformanceontTheXeonPThi,

usuallyaspartofsoftwarepackagessucThasMKL[50]orLinpack[79].Severalstudies

ThavebeenpublisThedtThatdiscussportingexistingapplicationstotThePThibyrelying

onThigTher-levellanguagefeatures,usuallycompilerauto-vectorization,andThavesThown

successintThefieldsofstructuredgridcomputations[80,81]moleculardynamics[82,83]

andfinance[84]. MostoftThecomputationsintTheseapplicationswereengineeredtolend

tThemselveseasilytoauto-vectorizationduetotThestructureoftTheunderlyingproblems.

EventThen,tTheuseoflowlevelvectorprogrammingwasstillrequiredinmanycases.

IrregularcomputationsThavebeennotoriouslyThardtovectorize,duetodependencies

drivenbydata[85].

TThefocusoftThiscThapteristopresentresearcThintogainingThigTherperformancetThrougTh

OpenCL-basedvectorizationonCPUsandtTheXeonPThiandusingGPSminimalma-

trixbandwidtThreorderingtoimprovemini-partitioninginreal-worldapplications.TThe

domainofunstructuredmesThbasedapplicationsaretargeted,akeyclassofapplica-

tionstThatThaveveryirregularaccesspatterns.TTheOP2[71]domainspecificabstraction

frameworkwasusedtodevelopspecificvectorizingimplementations.OP2isan“active”

libraryframeworkfortThesolutionofunstructuredmesThapplications.

7.2 TTheOP2Library
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Recently,domainspecificlanguages(DSLs)andsimilarThigTh-levelabstractionframe-

worksThavebeenutilizedtoreducetThecomplexityofprogrammingparallelapplications.
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WitThDSLs,tTheapplicationprogrammerdescribestTheproblemataThigTherleveland

leavestThedetailsoftTheimplementationtotThelibrarydeveloper. GiventTherigThtab-

straction,tThisenablesThigThproductivity,easymaintenanceandcodelongevityfortThe

domainscientist,permittingtThemtofocusontTheproblematThand.AttThesametime,it

enablestThelibrarydeveloperstoapplyradicalandplatform-specificoptimizationstThat

Thelpdelivernear-optimalperformance.

OP2issucThaThigTh-levelframeworkfortThesolutionofunstructuredmesThapplications

[71

//in main program file 
op_par_loop(res_calc,“res_calc",edges, 
   op_arg_dat(p_x,   0,edge2node, 2,"double",OP_READ), 
   op_arg_dat(p_x,   1,edge2node, 2,"double",OP_READ), 
   op_arg_dat(p_q,  -1,OP_ID,     4,"double",OP_READ), 

   op_arg_dat(p_res, 0,edge2cell, 4,”double”,OP_INC ), 
   op_arg_dat(p_res, 1,edge2cell, 4,”double”,OP_INC)); 

Indirection 
index 

Mapping Data 
arity 

Data 
type 

Access 
type 

//in res_calc.Th 
void res_calc(const double *x1, const double *x2, 
              const double *q, 
              double *res1, double *res2 ){ 
  //Computations, sucTh as: 

  res1[0] += q[0]*(x1[0]-x2[0]); 
} 

Dataset 
name 

].ItsabstractioninvolvesbreakinguptTheproblemintofourdistinctparts:(1)sets,

sucThasverticesoredges,(2)dataonsets,sucThascoordinatesandflowvariables,(3)

connectivitybetweensetsand(4)operationsoversets.TTheseformtTheOP2APItThat

canbeusedtofullyandabstractlydefineanyunstructuredmesTh. Unstructuredgrid

algoritThmstendtoiterateoverdifferentsets,accessingandmodifyingdataindirectlyon

otThersetsviamappings;forexamplefluxcomputationsoftenloopoveredgesaccessing

dataonedgesandneigThboringcells,updatingflowvariablesindirectlyontThesecells.In

aparallelsettingtThisleadstodataraces,tTheefficientThandlingofwThicThisparamount

forThigThperformance.

Figure7.1: DemonstrativeexampleoftTheOP2APIinAirfoil:parallelexecutionoftThe
rescalckernelfunctionbytTheopparloopforeacThelementsintTheedgesset.

TTheOP2abstractionisdesignedtoimplicitlydescribeparallelism;tThebasicassumption

istThattTheorderinwThicThelementsareprocesseddoesnotaffecttThefinalresult,towitThin

tThelimitsoffiniteprecisionfloatingpointaritThmetic. TThisallowsforparallelization

oftTheexecutionoverdifferentsetelements,Thowever,potentialdataracesThavetobe

recognizedanddealtwitTh. TThereforetTheAPIisdesignedtoexplicitlyexpressaccess

typesandpatterns,basedontThefollowingbuildingblocks:

1.opset
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:basiccomponentsoftThemesTh,sucThasedgesandcells
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2.opdat:dataoneacThelementofaset,witThagivenarity(numberofcomponents)

3.opmap:connectivityfromonesettoanotTher,witThagivenarity,e.g.eacThedge

connectstotovertices

4.opparloop:aparallelloopoveragivenset,executinganelementarykernel

functiononeacThelementoftThesetpassinginpointerstodatabasedonarguments

describedasfollows:

opargdat(opdat,idx,opmap,dim,"typ",access),

wThereagivendatasetwitThdimarityandtypedatatypeistobeaccessedtThrougTh

aspecificindexinamappingtoanotTherset(ornomappingifitisdefinedon

tThesamedataset),describingtThetypeofaccess,wThicThcanbeeitTherread,write,

incrementorread-write.

TThisAPIallowsOP2touseacombinationofcodegenerationandrun-timeexecution

planninginordertosupportawiderangeofcontrastingThardwareplatforms,using

anumberofparallelexecutionmodels. Formulti-tThreadingonapre-processingstep

isusedtosplituptThecomputationaldomainintomini-partitions,orblocks,tThatare

coloredbasedonpotentialdataraces[86].SeeFigure7.2

5	 8	2	 3	 …	13	…	 7	 …	6	4	 1	 9	10	

forademonstrativeexample

onblockcoloring.BlocksoftThesamecolorcantThenbeexecutedbydifferenttThreads

concurrentlywitThoutanyneedforsyncThronization.TThesametecThniqueisusedtoassign

worktoOpenMPtThreads,CUDAtThreadblocksorOpenCLwork-groups.

Figure7.2:
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Demonstrativeexampleofblockcoloring:edgesarepartitionedintotThreeblocks
colors.IndicesofedgesbelongingtodifferentcolorsaresThuffledintThelinearmemory.
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7.3 Mini-partitioningandcoloring

InunstructuredgridcomputationssucThasCFDsimulationstThelowlevelparallelization

ofcomputationisacriticalissuetoimprovingperformanceandespeciallyimportantto

improvingparallelscalabilityoftThesimulation.TTheOP2[71]frameworkusesanäıve

coloringmetThod(seeSection3.3of[73]fordetails)toresolveconflictingcomputational

regionsintThemesThbyidentifypotentialWAR(WriteAfterRead)Thazards.UsinggrapTh

coloringtThemesThispartitionedintoindependentsetofelementswThicThareexecuted

independentlyandtThereforetThe WARoperationscanbeperformedsafely.

InadditiontotThetwolevelcoloringinOP2blocks(in[73]itisalsocalledmini-partition)

arealsocreated.TTheseblocksrepresentacoarserlevelofparallelismandtTheyarecolored

intThesecondleveloftThecoloringmecThanism. TTheblocksarecreatedbygroupinga

pre-definednumberofconsecutiveelements.IntTheexampleonFigure7.3tTheblock

sizeis20,wThicThcreatesblockswitThelements0-19,20-39,40-59etc. AstThe mesTh

elementsareconnected,blocksThaveneigboringelementsinotTherblocks.IntThecaseof

animproperlyorderedmesThtTheseconnectionsestablisThtoomanyconnectionsbetween

blockswThicThleadtoThigThnumberofcolorsintThetThesecondlevelofcoloringandresults

inThigThnumberofblockcolors. TTherefore, mesThesarereorderedusinga minimum

bandwidtThreorderingsucThastTheReverseCutThill-McKee[87,88]ortTheGPS[89,88]

matrixbandwidtThminimizationalgoritThms. TThereorderedmesThlendsitselftomini-

partitioningwitThbetterlocalityandlessconnectionstoneigThboringblocks,seeFigure

7.3. TThisThasasignificantpositivedirecteffectonblockcoloringasitdecreasestThe

numberofblockcolors. Moreover,Figure7.3alsosThows,tThatiftTheblocksizeislarger

tThantThebandwidtThoftTheadjacencymatrixdescribingtTheconnectivityoftThemesTh,

tThantwocolorsaresufficienttocolortTheblocks.TThebandwidtThBofamatrixA∈Rn×n

isdefinedasB=2k+1,wTherek=max{|i−j|:aij=0}. TThiscriteriaprovides

extremelygoodparallelscalabilityforsucThapplications,tThatallowblocksizesintThe

orderoftThebandwidtThoftTheadjacencymatrix.

7.3.1 MesThreorderinginVolnaOP2

AspartofanunpublisThedresearcThtTheVolna[75
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]tsunamisimulationcodewasportedto

tTheOP2framework.Volnaisarepresentativesimulationcodeforsimulatingreal-world
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Figure7.3: Exampleofsparsesymmetricmatrixoradjacencymatrixrepresentinganun-
structuredmesTh(left)andtThesamematrixaftermatrixbandwidtThminimizationreordering
(rigTht).ElementsconnectingtTheverticesoftThefirstblock(elements0-19)oftThemesThwitTh
otTherblocksoftThemesTh(20-39,40-59,etc.)aredenotedwitThredcolor. OntTheleftmatrix
tThefirstblockoftThemesThisconnectedtootTherblocks.OntTherigThtmatrixtThefirstblockis

onlyconnectedtotThesecondblock.

tsunamiwavepropagationandinundationtoexistinggeograpThicalterrain.TThesimu-

lationusesgeometries,mesThesandinitializationdatafrommeasurementsandtTherefore

itisagoodrepresentativecasetodemonstratetTheeffectivityofGPSreorderingfor

improvedmini-partitioningandcoloringonreal-worldunstructuredgridapplications.

SeeFigure7.4aforarepresentativetestcaseandFigure7.4bforavalidationtestcase.

(a)Real-worldbatThymetryfortThesimu-
lationofapotentialtsunaminearRatIs-
lands,Alaska,US.Blue-deepoceanfloor,

red-sThallowoceanfloor.

(b) Artificial batThymetryforstudying
tsunamiinitiated byagaussian-sThaped
landslideintThebatThymetry. Grey-ocean
floor,ligThtblue-waterlevel,darkblue-

sThore.

Figure7.4:DemonstrativeexamplesoftTheVolnaOP2testcases.

IntTheVolnaOP2codetTheScotcTh[90
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]implementationoftTheGPSbandwidtThminimiza-

tionalgoritThmisusedandtThereorderingisdonebasedontTheadjacencymatrixofcells

createdfromtThecells-to-cells,cells-to-edgesorcells-to-nodesconnectivitydatadefined

bytTheVolnamesThes.TThecelladjacencymatrixcreatedfromtThe:
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•cells-to-cellsmappingconsiderstwocellsadjacentiftTheyareindeednexttoeacTh

otTher;

•cells-to-edgesmappingconsiderstwocellsadjacentiftTheyThavecommonedges;

•cells-to-nodesmappingconsiderstwocellsadjacentiftTheyThavecommonnodes.

CellswerecThosenastThesetforreorderingsinceeverytimeconsumingcomputationin

tThefinitevolumenumericalmetThodisbaseddataassociatedtocells,edgesbounding

tThecellornodesdefiningtThecellgeometry.AsaconsequenceallmesThcomponentssucTh

astThecells,edgesandnodesaswellastTheirmappingandassociateddataneedtobe

separatelyreordered.SeeFigure7.5

// Stage 1: Reorder cells and associated data 
// Obtain new permutation (GPS ordering) of cells based on cells-to-cells connectivity 
// Invers permutation of cell reordering is also retrieved 

op_get_permutation(&cells_perm, &cells_iperm, cellsToCells, cells); 
// Reorder op_maps according to direct or inverse permutation 

op_reorder_map(cellsToCells, cells_perm,  cells_iperm, cells); 
op_reorder_map(cellsToNodes, cells_perm,  cells_iperm, cells); 
op_reorder_map(cellsToEdges, cells_perm,  cells_iperm, cells); 

op_reorder_map(edgesToCells, cells_perm,  cells_iperm, cells); 
// Reorder op_dats according to inverse permutation 

op_reorder_dat(cellCenters,  cells_iperm, cells); 
op_reorder_dat(cellVolumes,  cells_iperm, cells); 
op_reorder_dat(values,       cells_iperm, cells); 

op_reorder_dat(initial_z,    cells_iperm, cells); 
op_reorder_dat(initEtadat,   cells_iperm, cells); 
 

// Stage 2: Reorder edges and associated data 
// Obtain new permutation (GPS ordering) of edges based on cells-to-edges connectivity 

// Invers permutation of edge reordering is also retrieved 
op_get_permutation(&edges_perm, &edges_iperm, cellsToEdges, edges); 
// Reorder op_maps according to direct or inverse permutation 

op_reorder_map(cellsToEdges, edges_perm, edges_iperm, edges); 
op_reorder_map(edgesToCells, edges_perm, edges_iperm, edges); 

// Reorder op_dats according to inverse permutation 
op_reorder_dat(edgeNormals, edges_iperm, edges); 
op_reorder_dat(edgeLengtTh,  edges_iperm, edges); 

op_reorder_dat(isBoundary,  edges_iperm, edges); 
op_reorder_dat(edgeCenters, edges_iperm, edges); 

 
// Stage 3: Reorder nodes and associated data 
// Obtain new permutation (GPS ordering) of nodes based on cells-to-nodes connectivity 

// Invers permutation of node reordering is also retrieved 
op_get_permutation(&nodes_perm, &nodes_iperm, cellsToNodes, nodes); 

// Reorder op_maps according to direct or inverse permutation 
op_reorder_map(cellsToNodes, nodes_perm,  nodes_iperm, nodes); 
// Reorder op_dats according to inverse permutation 

op_reorder_dat(nodeCoords,   nodes_iperm, nodes); 
 

 

fortThedetails.

Figure7.5:ReorderingtThemesThandassociateddataofVolnaOP2basedonGPSreorder-
ing. MesThcomponentsucThastThecells,edgesandnodesaswellastTheirassociateddataare
separatelyreorder.opgetpermutation
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internallycreatesanadjacencymatrixofcellsbased
ontThecells-to-cells,cells-to-edgesorcells-to-nodesconnectivity.
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7.3.2 BencThmark

TTheeffectofmesThreorderingontTheblockcolorsandtTheexecutiontimeisbencThmarked

intThissection.TThreerepresentativetestcaseswerecThosenforbencThmarkingtTheper-

formance:

1.bump:TTheseasThoregeometryisbasedontTheMol̀enearcThipelago(ie.islandgroup)

inBrittany,France.TThesimulationstartwitThacylindersThapedelevatedcolumn

abovetTherestingsealevel.AstThewatercolumnspreadsitinitiatestsunamiwaves.

2.gaussian:AtTheoreticalbencThmarksetupwThereagaussian-sThapedlandslideintThe

batThymetryinitiatestThetsunamiwave,seeFigure7.4b.

3.catalina: TThe mesThandbatThymetrydataisbasedontThegeometryofSanta

CatalinaIsland,California,US.

4.matane: TThemesThandbatThymetrydataisbasedontThegeometryof Matane,

Quebec,Canada.

5.rat: TThemesThandbatThymetrydataisbasedontThegeometryofRatIslands,

Alaska,US,seeFigure7.4a. TThetsunamiisinitiatedwitThtTheelevationoftThe

waterlevelaccordingtoagaussiansThape.

DetailsontThesizeoftThemesThandtThebandwidtThoftTheadjacencymatrixcreatedfrom

cell-to-cellmappingissThownonTable7.1.Simulationsareexecutedonadualsocket

IntelXeonserverprocessorusingtTheOpenMPbackendofOP2.TTheOpenMPtThreads

werepinnedtotTheCPUcoresusingtTheKMPAFFINITY=compact,0environmentvariable

toavoidtThecacThingandNUMAeffectsoftThreadrelocationamongCPUcores. TThe

blocksizewascThosentobe2048,wThicThallowsenougThparallelismandcacThereuseon

tTheCPUforefficientexecutionfortThesemesThsizes.TTheparticularsystemusedfortThe

bencThmarkisdetailedinAppendixA.3.

Table7.1:DetailsoftTherepresentativetsunamitestcases.BW-BandwidtTh

Name Location No.nodes No.cells No.edges Orig.BW BWafterGPS

bump Mol̀enearcThipelago,France 12828 23873 36709 46877 467
gaussian Gaussianlandslide 1002001 2000000 3002000 3999 2001
catalina CatalinaIsland,CA,US 49456 98198 147653 196295 723
matane Matane,Quebec,Canada 117555 232992 350547 465935 1149
rat RatIslands,AK,US 87946 171289 259254 342531 1329
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Figure7.6sThowstTheeffectofreorderingtThemesThbasedontTheconnectivitydata.TThe

originalVolnacodeusedsingleprecisionaritThmetics,tThereforetThesimulationsareonly

performedforsingleprecision. OnemaynotetThattThepredefinedblocksizeof2048is

sufficienttocolortThemesThwitThonlytwocolorsforallfivetestcases.AstThegaussian

exampleisanartificiallygeneratedmesTh,eventTheinitialblockcoloringwassignificantly

bettertThatintTherestoftThetestcases,wThicThisalsotruefortTheexecutiontime.One

maynotetThattTheoverallspeeduponlyduetotThemesThreorderingissignificant,asit

issThownonFigure7.6b.Forreal-worldgeometries×2.9−7.
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Figure7.6:TTheeffectofmesThreorderingontTheblockcolorsandexecutiontime.

7.4 VectorizationwitThOpenCL
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Recently,many-coreprocessorsandco-processorsgainedwidespreadpopularity.TThese

consistofalargenumberoflowpower,lowfrequencycomputecoresandrelyonThigTh

tThrougThputtoacThieveperformancebyallowingtoexecuteamassivenumberoftThreads

inparallel.TThisisincontrasttospeedingupexecutionofafewtThreadsontraditional

CPUs. Formany-coreprocessorsandco-processorsapopularprogrammingmodelis

tTheSingleInstruction MultipleTThread(SIMT)model,wThereanumberofligThtweigTht

tThreadsexecutetThesameinstructionsattThesametime. Fromaprogrammingper-

spective,oneimplementscodeforasingletThread,wTheredataorcontrolflowusually

dependsonatThreadindex,andtThentThiscodeisexecutedbydifferenttThreadsconcur-

rently. WThileitispossiblefordifferenttThreadstoThavedivergentflowpatThs,intThese

casestTheexecutionisserializedbecausetThereisonlyasingleinstructionbeingexecuted

attThesametime;tThreadsnotactiveintThecurrentlyexecutedbrancTharedeactivated
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bytTheThardware.TThreadsmayalsoaccessdifferentmemoryaddresseswThenexecuting

tThesameinstruction;tTheThardwareisresponsibleforcollectingdataandfeedingitto

tThetThreads.TTherelativepositionoftThesememoryaddressesbetweenadjacenttThreads

Thasanimportantimpactonperformance:addressespackednexttoeacThotThermaybe

accessedwitThasinglememorytransaction,wThilegatTherandscattertypeaccessesmay

requiremultipletransactions.TThis,combinedwitThtThecomparativelysmallamountof

cacThepertThreadoftenThasanon-trivialeffectonperformancetThatisdifficulttopredict.

CUDAandOpenCLarebasedontTheSIMTmodel,andtThelattermapstobotThCPU

vectorunitsandGPUs.

Finally,tTheSingleInstructionMultipleData(SIMD)executionandprogrammingmodel

isusedbytThevectorunitsonIntelCPUsandtTheXeonPThi. WThilesomeprogramming

models(sucThasOpenCL)dosupportaSIMTprogrammingmodelandcompilationfor

tThesearcThitectures,tTheThardwareandtThereforetThegeneratedassemblycodeThastouse

SIMD.VectorinstructionsoperateonvectorregisterstThatare256bits(AVX)or512

bits(IMCI)long;tTheycancontain8or16integers/floats,or4or8doubles.TThereis

alsosupportformaskedinstructions,wTherespecificvectorlanescanbeexcludedfrom

aninstruction,tTherebyfacilitatingbrancThing.TThisexecutionmodelimpliestThatdata

ThastobeexplicitlypackedintovectorregisterstThatcantThenbepassedasargumentsto

anoperation.Explicitmanagementofdatamovementrequiresdifferentiationbetween

loadingacontiguouscThunkofdatafrommemorytThatis(1)aligned,(2)notalignedto

tThevectorlengtTh,or(3)tThatThastobecollectedfromdifferentaddressesandpacked;

tThesamepatternsapplyforstoreoperations.

WThilemanystructuredgridcomputationsareamenabletopragma-drivencompilerauto-

parallelization,mostunstructuredgridcomputationsrequirealotofadditionaleffort

toparallelize. Developingand maintaininglarge-scalecodeswitTh multipledifferent

combinationsofparallelprogrammingapproacThesinordertosupporttoday’sdiverse

Thardwarelandscapeisclearlynotfeasible;doingsowouldreducetTheproductivityof

applicationdevelopersandwouldalsorequireintimateknowledgeofdifferentThardware.

WThenusingaSIMTprogrammingmodel,adjacentsetelementsareassignedtoadjacent

tThreads,gatTheroperationsandpotentialbrancThingisautomaticallyThandledbytThepro-

grammingmodelandtTheThardware,andincaseofindirectwritesdataaccessisserialized

basedontThesecondlevelofcoloringandblock-levelsyncThronizationconstructs.
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__kernel void op_opencl_res_calc( 
  __global const double* restrict arg0, 
  __global const double* restrict arg2, 

  __global       double* restrict arg3, 
  __global const int* restrict arg0_map, 

  __global const int* restrict arg2_map 
  /*otTher indexing structures*/){ 
  double arg3_l[4] = {0.0,0.0,0.0,0.0}; 

  double arg4_l[4] = {0.0,0.0,0.0,0.0}; 
  //current index 

  int n=block_offset+get_local_id(0); 
  int map0idx = arg0_map[n+set_size*0]; 
  int map1idx = arg0_map[n+set_size*1]; 

  int map2idx = arg3_map[n+set_size*0]; 
  int map3idx = arg3_map[n+set_size*1]; 
  res_calc( 

    &arg0[2 * map0idx],  
    &arg0[2 * map1idx],  

    &arg2[4 * n],  
    arg3_l, 
    arg4_l); 

  int color = colors[n]; 
  for ( int col=0; col<ncolor; col++ ) 

    if (col2==col) 
      for ( int d=0; d<4; d++ ){ 
        arg3[d+map2idx*4] += arg3_l[d]; 

        arg3[d+map3idx*4] += arg4_l[d]; 
      } 

} 

Pointers to 
datasets, 
mappings, 

index data  

Prepare 
indirect 
accesses 

Set up 
pointers, 
call kernel 

Indirect 
increments 

Colored 
increment 

Figure7.7:SimplifiedexampleofcodegeneratedfortTheOpenCLvectorizedbackend.

OpenCL
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isanopenstandardlanguagebasedontTheSIMTabstraction,targetingawide

varietyofTheterogeneouscomputingplatforms,includingCPUs,GPUs,DSPs,FPGAs

etc.SinceOpenCLisastandard,tTheimplementationoftThedriverandtTheruntime

environmentreliesontThesupportoftTheThardwaremanufacturers.FollowingtTheSIMT

abstraction,tTheworkloadisbrokenupintoanumberofwork-groups,eacThconsisting

ofanumberofwork-items. TTheexactmappingoftTheseisinfluencedbytTheparallel

capabilitiesoftThedeviceandtThepossibleoptimizationstThatcanbecarriedoutbytThe

compilerorsyntThesizer.AswitThmostportableprogrammingabstractions,performance

portabilityisanissue,tThereforewefirstThavetounderstandThowitmapstotThetarget

Thardware.

TTheOpenCLabstractionfullydescribesanyconcurrencyissuestThatmayarise,tThere-

forevectorizationofwork-itemswouldalwaysbevalid.HoweversimilartotThecaseof

compilerauto-vectorizationofconventionalC/C++code,tThiscanbepreventedbya

numberoffactors:controlflowbrancThing,irregularmemoryaccesspatternsetc.Since

Intel’sIMCIinstructionsetismoreextensivetThanAVXitgivesmoreflexibilityfortThe

compilertoproducevectorcode.

SpreadingtThework-loadonCPUsisdonebymappingwork-groupsontoCPUThardware
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// Divide for loop of work-groups across CPU Thardware tThreads equivalent to  
// #pragma omp parallel for 
for(wg=0; wg < get_num_groups(2)*get_num_groups(1)*get_num_groups(0); wg++)  
  for(k=0; k < get_local_size(2); k++)  
    for(j=0; j < get_local_size(1); j++)  
      // Run vectorized for loop equivalent to  
      // #pragma simd 
      for(i=0; i < get_local_size(0); i+=SIMD_LENGTH) 
        // Execute work-item 
        kernel(...); 

Figure7.8:Pseudo-codeforOpenCLworkdistributionandvectorization.

tThreads.EacThwork-grouptThenisexecutedsequentiallybymappingtThe3Dwork-group

totThreenestedloopsovertThelengtThintThedifferentdimensions.Ifpossible,tTheinner-

mostloopistThenvectorized.Apseudo-codeonFigure7.8explainstTheimplementation

inmoredetails.

TaskparallelismattTheleveloftThework-groupsinIntelOpenCLisimplementedusing

Intel’sTBB(TThreadBuildingBlocks)library[91]. AltThougThTBBoffersanefficient

solutionformulti-tThreading,tTheoveralloverTheadofscThedulingwork-groupsislarger

inOpenCLtThantThatofstaticOpenMPparallelloops;ThowevertThiskeepsimproving.

SinceCPUs-asopposedtoGPUs-don’tThavededicatedlocalandprivatememory

units,usingtThesememoryspacesintroducesunnecessarydatamovementandmaylead

toseriousperformancedegradation.TThusintTheOpenCLbasedCPUimplementation

OP2doesnotuselocalmemory.OpenCLdistinguisThesbetweenglobal,localandprivate

addressspaces.

AkeyobservationwThenoptimizingcodefortTheCPUistThatwork-groupsareexecuted

sequentially. OnecanbecertaintThattTherearenodata-racesbetweenwork-itemsina

work-groupiftThecompiledcodeisscalar.EveniftThecodeisimplicitlyvectorizedtThe

bundledwork-itemsexecuteinlock-step;syncThronizationbetweentThemisimplicit,and

tThesebundlesarestillexecutedsequentially.RecognizingtThis,itispossibletoremove

work-grouplevelsyncThronizationswThicThwouldotTherwisebeveryexpensive. TThisof

courseisaplatform-specificoptimizationtThatviolatestTheOpenCLprogrammingmodel,

butitisnecessarytoobtaingoodperformance.Itispossibletoremovebarriersfrom

tThefollowingoperations:

•
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STharinginformationspecifictoablock:sinceeverywork-groupprocessesone

block(minipartition)oftThewTholedomain,someinformationabouttTheblock

datastructurecanbesTharedamongsttThework-itemsoftThework-group.EitTher



CThapter7.UnstructuredGridComputations 102

tThisdataisreadbyonework-itemandsTharedwitThotTherwork-itemstThrougTha

localvariableoreverywork-itemreadstThesamedataandtThennolocalmemory

isnecessary. TThebarrierisnotnecessaryintThefirstcase,becausework-item0

readstThedataandstoresitinlocalmemory,anditwillbeavailabletoeveryotTher

work-item,sincework-item0isexecutedbeforeanyotTherwork-itemintThegroup,

duetotThesequentialexecutionmodel.

•Reductions:doingareductionisstraigThtforwardduetotThesequentialexecution

evenintThecaseofvectorizedkernels,firsttThereductioniscarriedoutonvectors

andattTheendvaluesoftTheaccumulatorvectorareaddedup.

•Indirectincrements(orindirectscatter):useofbarriersisnotneededThereeitTher,

since1)tThework-groupisexecutedsequentiallyand2)eveniftThekernelisvec-

torized,asequentialcoloredincrementisusedtoThandle WAR(WriteAfterRead)

conflicts.

Figure7.7sThowsasimplifiedexampleoftThecodegeneratedfortTheloopinFigure7.1,tThe

“Thost-side”setupofparametersandtThekernellauncThareomittedforbrevity.TThiscode

isverysimilartotTheCUDAcodegeneratedforGPUexecution,exceptforCPU-specific

optimizationsasdiscussedabove.

7.5 Performanceanalysis

7.5.1 Experimentalsetup

TThegoalistobencThmarktTheperformancecTharacteristicsofOpenCLonamulti-core

XeonserverCPUandamany-coreXeonPThi(alsoknownasIntel MIC)coprocessor

[76],botThrelativetoeacThotTherandinabsoluteterms,calculatingcomputationalper-

formanceandmemorytThrougThput.DetailsoftestThardwarecanbefoundinTableA.5.

InadditiontotThetTheoreticalperformancefigures,asadvertisedbytThevendorsresults

ofstandardbencThmarks(STREAMformemorybandwidtThandgenericmatrix-matrix

multiply,GEMMforaritThmetictThrougThput)aresThown.TThesefiguresservetoillustrate

ThowmucThoftThetTheoreticalpeakcanberealisticallyacThieved.ItiscleartThatacThieving

anytThingclosetotThetTheoreticalpeak-especiallyonaccelerators-isquitedifficult,and

oftenrequireslow-leveloptimizationsandparametertuning.TTheFLOP/bytemetricof

processorsisdepictedinTableA.5inAppendixA.4
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,wThicThisessentiallyametricfortThe
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Table7.2: PropertiesofAirfoilandVolnakernels;numberoffloatingpointoperationsand

numberstransfers

Kernel Direct Direct Indirect Indirect FLOP FLOP/byte Description
read write read write SP(DP)

savesoln 4 4 0 0 4 0.08(0.04) Directcopy
adtcalc 4 1 8 0 64 1.14(0.57) GatTher,directwrite
rescalc 0 0 22 8 73 0.6(0.3) GatTher,coloredscatter
brescalc 1 0 13 4 73 1.01(0.5) Boundary
update 9 8 0 0 17 0.2(0.1) Direct,reduction

RK1 8 12 0 0 12 0.6 Direct
RK2 12 8 0 0 16 0.8 Direct
sim1 4 4 0 0 0 0 Directcopy
computeflux 4 6 8 0 154 8.5 GatTher,directwrite
numericalflux 1 4 6 0 9 0.81 GatTher,reduction
spacedisc 8 0 10 8 23 0.88 GatTher,scatter

balanceofcomputationaltThrougThputandmemorybandwidtThondifferentarcThitectures.

AThigTherfiguremeanstThattThearcThitectureismoresuitedforcomputationallyexpensive

applications,wThileasmallerfiguremeanstThattThearcThitectureismoresuitedformem-

oryintensiveapplications.TThisisespeciallyimportantforgenerallybandwidtTh-bound

applications,sucThastTheonesbeinginvestigated,becauseiftTheirFLOP/byteratiois

mucThlowertThantThatoftTheThardware,tThenalotofcomputationalpowerwillbewasted.

ForbencThmarkingtwoapplicationsarecThosen,botThimplementedinOP2;tThefirstis

Airfoil,anon-linear2DinviscidairfoilcodetThatusesanunstructuredgrid[74],imple-

mentedinbotThsingleanddoubleprecision,andtThesecondisVolna,asThallow-water

tsunamisimulationcode[75],implementedonlyinsingleprecision. BotThsimulations

useafinitevolumenumericalalgoritThm,wThicThisgenerallyconsideredbandwidtTh-bound.

Table7.2detailstThecommunicationandcomputationalrequirementsofindividualpar-

allelloopsinAirfoilandVolna,intermsofusefuldatatransferred(ignoringe.g.mapping

tables)asnumberoffloating-pointvaluesandusefulcomputations(ignoringe.g.index-

ingaritThmetic)foreacThgridpointduringexecution. Transcendentaloperations(sin,

cos,exp,sqrt)arecountedasone,tThesearepresentinadtcalcandcomputeflux.

Note,tThattThesefiguresdonotaccountforcacThing,tTherefore,incaseofindirectlyac-

cesseddata,off-cThiptransfersarereducedbydatareuse,andtTheFLOPtobyteratio

goesup.

ComparingtTheratiooffloatingpointoperationsperbytestransferredtotThoseinTable

A.5
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itiscleartThatmostoftThesekernelsaretTheoreticallybandwidtTh-bound,Thowever,we

ThavetoaccountfortThefacttThatseveralkernelsmaynotbeauto-vectorizing,tTherefore,

forafaircomparison,tTheFLOP/byteratiosofCPUarcThitecturesThavetobedivided
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bytThevectorlengtTh(4indoubleand8insingleprecisionwitTh256bitvectors).TThis

pusThesseveralkernelsmucThclosertobeingcompute-limited,wThicThsuggeststThatby

applyingvectorization,tThecodecanbepotentiallyfurtTheracceleratedtotThepoint

wThereitsentirelybandwidtTh-limited,eliminatinganycomputationalbottlenecks.IntThe

followinganalysistTheprimaryfocusisontTheacThievedbandwidtTh,calculatedbasedon

tTheminimal(useful)amountofdatamoved;tThisassumesaninfinitecacThesizefortThe

durationofasingleloop,wThicThisofcourseunrealistic,butitgivesagoodideaoftThe

efficiencyofexecution.

Table7.3:TestmesThsizesandmemoryfootprintindouble(single)precision

MesTh cells nodes edges memory

Airfoilsmall 720000 721801 1438600 94(47)MB
Airfoillarge 2880000 2883601 5757200 373(186)MB
Volna 2392352 1197384 3589735 n/a(355)MB

ForAirfoil,performanceisevaluatedontwoproblemsizes;a720kcellmesThandits

quadrupledversion,a2.8McellmesTh,toinvestigatetThesensitivityoftTheThardwareto

load-balancingissues.ForVolna,areal-worldmesThwitTh2.5Mcellsisused,describing

tThenortTh-westerncoastofNortThAmericaandtThestraitleadingtoVancouverand

Seattle,simulatingaThypotTheticaltsunamioriginatingintThePacificOcean. MesThsizes

andmemoryfootprintsaredetailedinTable7.3.TThesemesThesareThalvedforOpenCL

bencThmarksonCPU,becauseexecutionisrestrictedtoasinglesocketduetolimitations

intTheruntimediscussedinSection7.5.2.

7.5.2 OpenCLperformanceonCPUandtTheXeonPThi

DuetoalimitationontThetestedIntelCPUs,neitTherAMD’snorIntel’sOpenCL1.2

driver(botThsupportcompilationforIntelCPUs)iscurrentlyabletoselect-usingtThe

devicefissionfeature-asubsetofprocessorcorestoexecuteonasingleNUMAsocket.

Sinceafullyoperational MPI+OpenCLback-endisnotyetavailable,tThepresented

bencThmarkislimitedtosinglesocketperformancecomparisons.ScThedulingtThreadsto

asinglesocketisenforcedbytThenumactl
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utility. BasedontThefirsttoucThmemory

allocationpolicyintTheLinuxkernel,itiscertaintThattThemastertThreadandtThecThild

tThreads-placedontThesamesocket-getmemoryallocatedtotThesameNUMAmemory

region.
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IntThepresentedperformancemeasurementstTheone-timecostofrun-timecompilation

isnotcounted. OnlytThetimespentoneffectivecomputationandsyncThronizationis

sThown.Figure7.9sThowstThatOpenCLexecutiontimeintTheCPUcaseisclosetotThe

plainOpenMPtime.Asopposedtoconventionalauto-vectorization,wTheresegmentsof

acodecanbevectorized,OpenCLeitThervectorizesawTholekernelornoneofit.Even

tThougThadtcalc,brescalc,computefluxandnumericalfluxkernelsarevectorized,

tTheoverallperformanceoftTheOpenCLimplementationisnotsignificantlybetter.

TTheIntelOfflineCompiler[91]ThasbeenusedtotestwThetTherkernelsThavebeenvector-

izedornot.ResultsaresThowninTable7.5.TTheextendedcapabilitiesoftTheinstruction

setontTheXeonPThi,includingtThegatTherandscatterinstructions,allowtThecompilerto

vectorizemorecomplexcode.TTheAVXinstructionsetismorerestrictiveandaltThougTh

tThecompilercouldproducevectorcode,itrefusestodosoiftTheTheuristicspredictworse

performance. EventThougThtTheIntelOpenCLcompilercanThandlesomebrancThingin

tThecontrolflow,optimizationdecisionsmayoverridetThese.

Table7.4:UsefulbandwidtTh(BW-GB/s)andcomputational(Comp-GFLOP/s)tThrougTh-

putbaselineimplementationsonAirfoil(doubleprecision)andVolna(singleprecision)on

CPU1andtTheK40GPU

Kernel
MPICPU

Time BW Comp

savesoln 4 46 3.2
adtcalc 24.6 13 14.6
rescalc 25.2 27 32
brescalc 0.09 29 12
update 14.05 56 8

RK1 3.24 53 4
RK2 2.88 59 5
computeflux 23.34 14 42
numericalflux 4.68 29 4
spacedisc 16.86 21 9

TThekernellevelbreakdownofOpenCLinTable7.5sThowstThattThelargestdifference

betweentTheOpenMPandimplicitlyvectorizedOpenCLcomesfromtTheadtcalcand

rescalckernelsinAirfoilandfromtThecomputefluxandnumericalfluxinVolna.

EventThougThadtcalcisvectorizedbyOpenCL,andisindeedfastertThantThenon-

vectorizedversionsThowninTable7.4. TThesameistrueforcomputeflux.IntThe

caseofnumericalflux,tThekernelwasvectorizedbuttTheperformancedegraded. On

tTheotTherThandspacedisc
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wasnotvectorizedbyOpenCLbuttTheperformancestill

increased.
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TTheOpenCLperformanceontTheXeonprocessorsissatisfyingcomparedtotThenon-

vectorizedOpenMPperformanceandevenbetterintThecaseoftTheXeonPThicoprocessor.

TTheresultsacThievedwitThtThecoprocessoraresThownonFigure7.10.TThusOpenCL,as

anenvironmentimplementingSIMTprogrammingmodeltThatisamenabletovectorized

execution,doesdeliversomeperformanceimprovementoverpreviousnon-vectorizedim-

plementations,butprofilingsThowstThatsignificantperformanceislostduetoscTheduling.

FurtThermore,incomparisontoresultsintThenextsection,weseetThatwThilesomevec-

torizationisacThieved,especiallyontTheXeonPThi,itiscurrentlynotcapableofcreating

efficientvectorcode.

Table7.5: TimingandbandwidtThbreakdownsfortTheAirfoilbencThmarksindouble(single)

precisionontThe2.8McellmesThandVolnausingtTheOpenCLbackendonasinglesocketof

CPUandXeonPThi.Also,kernelswitThimplicitOpenCLvectorizationaremarkedintTherigTht

columns.

Kernel
CPU XeonPThi OpenCLvec

Time BW Time BW CPU PThi

savesoln 4.15(2.18) 44(42) 2.6(1.57) 71(59) – ✔
adtcalc 18.27(13.23) 17.7(12.2) 12.1(7.2) 27(22) ✔ ✔
rescalc 31.43(29.91) 22(11.6) 46(29.76) 15(12) – ✔
update 14.65(7.34) 53.5(53.4) 12(6.5) 65(60) – ✔

RK1 1.37 42 0.89 64 – ✔
RK2 1.18 49 0.76 75 – ✔
computeflux 6.4 51 4.91 67 ✔ ✔
numericalflux 7.48 18 3.28 42 ✔ ✔
spacedisc 9.24 40 7.95 45 – ✔
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Figure7.9:
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VectorizationwitThOpenCLcomparedtopreviousimplementations.Per-

formanceresultsfromAirfoilinsingle(SP)anddouble(DP)precisionontThe2.8Mcell

mesThandfromVolnainsingleprecisiononCPU.
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Figure7.10:PerformanceofOpenCLcomparedtonon-vectorized,auto-vectorizedand

explicitlyvectorized(usingintrinsicinstructions)versionsontTheXeonPThiusingAirfoil

(2.8McellmesTh)andVolnatestcases.

7.6 Conclusion
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TTheefficiencyoftTheparallelcoloredindirectincrementationinreal-worldunstructured

gridcomputationscanbesignificantlyimprovedbyreorderingtTheelementsoftThemesTh

inOP2usingtTheGPSminimalbandwidtThreorderingalgoritThm. TThisapproacThdra-

maticallydecreasestTheconnectivitybetweentTheblocksandallowstThemini-partitioning

andnäıvecoloringmetThodfordecreasingtThenumberofblockcolors.TThefewercolors

meanslesssequentialexecutionandleadstobetterparallelexecutionperformanceand

betterparallelscalability.

IntThiscThapterOpenCLvectorizationcapabilitieswerealsoevaluatedtoacThievingef-

ficientvectorizedexecutiononmodernIntelCPUsandtTheXeonPThi. Akeyquestion

iswThetTherOpenCLSIMTmodelforexpressingparallelismissufficientforacThieving

goodperformanceonmulti-andmany-corearcThitectures.ItThasbeensThownThowOP2

canmapexecutiontomulti-levelparallel(multi-tThreadingandvectorzation)settingus-

ingOpenCL.ItissThowntThattTheOpenCLextensiondevelopedforOP2iscapableof

vectorizingcertainkernelsforunstructuredgridcomputationsonarcThitecturesbased

onSIMDtypeISA.TTheSIMTparallelprogrammingparadigmcanbeusedtocreate

vectorizedSIMDmacThinecodetThrougThIntel’ssupportfortTheOpenCLlanguage.TThe

resultssThowtThatOpenCLisadequatelyportable,butattThetimeofwritingtThedriver

andtTheruntimearenotveryefficient. WThencomparedtotThesimple(non-vectorized)
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OpenMPexecution,runtimeisonlysligThtlybetter;eventThougThsomedegreeofvector-

izationiscarriedout,tThereisalargeoverTheadcomingfromtTheruntimesystem.TThis

isexpectedtoimprovewitThtimeandwitThtTheintroductionofnewinstructionsets.
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Conclusion

EacThcThapterdescribingtTheparticularproblemtThatissolvedisconcludedwitThitsown

conclusionsection.IntThiscThaptertThenewscientificresultsareThigThligThted.

8.1 Newscientificresults

TThenewscientificresultsaregroupedintotThesisgroupsaccordingtotTheirclassification

amongtThe13dwarves.ResultsregardingtThenewsolutionsproposedforsolvingtridi-

agonalsystemofequationscanbecategorizedastThe”SparseLinearAlgebra”dwarf

wThicTharedetailedinTThesisgroupI.ImageprocessingandPDEsolutionusingtTheADI

metThodiscategorizedastThe”StructuredGrid”dwarfwThicThisdetailedinTThesisgroup

II.Finally,resultsregardingCFDcomputationsarecategorizedastThe”Unstructured

Grid”dwarfwThicThisdetailedinTThesisgroupIII.TTherelationsbetweentThesisgroups,

parallelproblemclassificationandparallelprocessorarcThitecturesaresummarizedin

Figure8.1
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.

NewscientificresultsarepublisThedinjournals(markedas[J]),conference(markedas

[C])proceedingsandconferencetalks(markedas[CT]).Publicationscorrespondingto

tThetThesisgroupsarenotedbelow.
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GPU 
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CPU 

FPGA 

Thesis Group I:  
Scalar and Block Tridiagonal System of Equations 

Block Tridiagonal 

Scalar Tridiagonal 

Thesis I.a 

Thesis I.b 

Thesis I.c 

Thesis I.d 

Thesis Group II:  
ADI, Black-ScTholes and CNN 

Thesis II.a 

Thesis II.b 

Thesis II.c 

Thesis Group III:  
Mini Partitioning and OpenCL 

Thesis III.a 

Thesis III.b 

GPU 

MIC 

CPU 

FPGA 

PARALLEL PROBLEM PROCESSOR ARCHITECTURE SOLUTIONS 

Sparse Linear Algebra 

Structured Grids 

Unstructured Grids 

Figure8.1: TThesisgroups:relationbetweentThesisgroups,parallelproblemclassification
andparallelprocessorarcThitectures. ColoredverticalbarsrigThttotThesisnumberdenotetThe
processorarcThitecturetThatisusedintThattThesis.DasThedgreyarrowrepresentrelationbetween

tTheses.

TThesisGroupI.EfficientalgoritThmsforsparselinearalgebra

ManytimesPDEsarisingintThescientific,engineeringandfinancialapplicationsre-

quireanextensiveuseofsparselinearalgebrawThicThneedstobeefficientlyparallelised

forcurrentandupcomingparallelprocessorarcThitectures.Inparticular,tThenumerical

solutionofsomespecialparabolic,diffusiontypePDEswitThimplicitsolversboildown

totThesolutionoftridiagonalsystemofequationswTheretTheelementsoftThetridiagonal

matrixareeitTherscalarvaluesorblockswitThsizeM×M,wThereM ∈[2,8].Newparallel

algoritThmsfortTheaccelerationofsucThtridiagonalsolversistThereforeessentialtotThese

scientific,engineeringandfinancialcommunitiestoaccelerateresearcThandinnovation.

TThesesintThisgroupcontributetotTheparallelisationandaccelerationofsucThmetThods

onCPU,GPUandMICarcThitectures.

Correspondingpublications:[J1],[C1],[CT1],[C2],[C3]
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TThesisI.a IThavedevelopednewregisterblockingbasedlocaldatatranspositionalgo-

ritThmsformulti-andmany-coreparallelprocessorarcThitecturestoimprovetThememory

accesspatternoftTheTThomasalgoritThmwThensolvingtridiagonalsystemofequations

wTheretThecoefficientsarestoredinconsecutiveorderintThememory.TTheoverallperfor-

mancegainis:1)upto×4.3ontTheGPUcomparedtotTheNVIDIAcuSPRASElibrary;

2)upto×1.5ontTheCPUcomparedtotTheIntelMKLlibraryand3)upto×1.9ontThe

MICcomparedtotTheIntelMKLlibrary.

AtridiagonalsystemofequationiscomposedoftThreecoeffcientvectorsa,bandc,one

unknownvectoruandtTherigThtThandsidevectord.AlltThesevectorsareelementofRN

andtTheyThaveidenticaldatalayoutintThememory.TThedatalayoutoftThecoefficients

ofatridiagonalsystemofequationsmaydependontThegridandtThenumericalmetThod

wThereitisapplied,tThiscanbeconsecutiveorstride-N.Consecutiveorstride-1means

tThatelementsakanda(k+1) ofvectoraareatconsecutivememoryaddressesintThe

linearmemory,ie.ataddresskand(k+1). Stride-NmeanstThatelementsakand

a(k+1)ofvectoraareataddressk×Nand(k+1)×NintThelinearmemory.Inmany

casestTheconsecutivedatalayoutisusedwThicThresultsinpoorcacThe-lineutilizationand

tThereforerequiresmemoryaccesspatternoptimization.IThavedevelopedtwoalgoritThms

forGPUs,toperformdataload(andstore)ofmultiplevaluesatonceandtranspose

tThesedataforcalculation.IThavealsodevelopedsimilartranspositionbasedsolversfor

tTheCPUandMICarcThitectures. MysolutionsallowtThetranspositiontobedoneusing

registersandtTheuseofdatadirectlyfromregisters.

TThesisI.b IThavedevelopedanefficientimplementationofanewThybridalgoritThmfor

tThesolutionoftridiagonalsystemofequationsonGPUarcThitecturesusingtTheconven-

tionalTThomasandPCRalgoritThmsintThecasewThentThevaryingcoefficientsarestored

intThemainmemoryoftTheGPU.TThisGPUspecificsolutionallowstTheutilizationof

tThelargenumberofregistersonGPUarcThitecturesandlocaltranspositionofdatawThen

readingtThecoefficientsaredoneinregisters. TTheresultingsolverisupto×9times

fastertThantThesolverintTheNVIDIAcuSPARSElibraryandupto×2.1timesfaster

tThantThetranspositionbasedGPUsolverintroducedinTThesisI.a.

DOI:10.15774/PPKE.ITK.2016.002

IThavecreatedtTheimplementationofanewThybridalgoritThmwThicThisacombination

oftTheTThomasandtThePCRalgoritThms,wThicThisoptimalintThesensetThatislimited
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eitTherbytThememorybandwidtThortThecomputecapacityoftTheGPU,dependingon

tThefloatingpointprecision.TThisThybridGPUspecificalgoritThmallowstTheutilization

ofregisterswThicThleadstoextremeefficiencywThentThesystemsizeissufficientlysmall

tofitintotTheregistersoftTheGPU.Consecutiveorstride-NdatalayoutcanbotThbe

ThandledwitThtThisalgoritThm. WThenneededtranspositioninregistercanbeperformed

witThouttTheuseofsTharedmemory.AstThereisnoneedforstoringintermediatevalues

inglobalorlocalmemoryasintThecaseoftTheregularTThomasalgoritThmtTheratioof

floatingpointoperationsperbyteismucThThigTherfortThenewThybridalgoritThmwThicTh

resultsinbetterperformanceonaThigThcomputeintensityarcThitectureliketTheGPU.

TThesisI.c IThavedevelopedanewalgoritThmfortThesolutionofblocktridiagonalsystem

ofequationsonGPUusinganewtThreadworksTharingandregisterblockingapproacTh,

wThentTheblocksizesareM ×M witThM =∈2,8]. TTheacThievedcomputationalper-

formanceoftThisGPUspecificworksTharingapproacThissuperiorcomparedtotTheknow

algoritThmsandtTheirimplementation.IThaveexperimentallysThowedtThatitisupto×27

timesfastertThantTheIntelMKLbandedsolverandupto×9.8fastertThantThePCR-based

GPUsolverproposedby[54].

BlocktridiagonalsystemofequationsariseinCFD(ComputationalFluidDynamic)

applications[8,7],wThereblocksizesvaryaccordingtotThemulti-variablePDE.Igave

anewtThreadwork-sTharingalgoritThmtoparallelisetTheTThomasalgoritThm.IThavealso

sThowntThattThisapproacThiscomputationallymoreefficienttThantTheCRorPCRalgo-

ritThmsandtThatsufficientparallelismcanbeexploitedwitThwork-sTharingtoexceedtThe

performanceoftTheCRandPCRalgoritThmswThenblocksizeisintTherangeM =∈2,8].

TThesisI.d IThavedevelopedanewimplementationfortThesolutionofblocktridiagonal

systemofequationsonmulti-coreCPUandmany-core MICwitThvectorinstructions,

wThicThoutperformstThebandedsolveroftTheIntelMKLlibraryintermsofcomputational

performancebyafactorof×6.5and×5intThecaseoftTheCPUandMICrepectively.

DOI:10.15774/PPKE.ITK.2016.002

IThaverestructuredtThecodeanddataoftThestandardblockTThomasalgoritThmwitTh

C++templatesandcodetransformationtoacThievebetterdatalocalityandguidetThe

compilerintThevectorizationprocedure. TTheresultisaThigThlyefficientSIMDbased

CPUandMICimplementationoftTheblockTThomasalgoritThm.
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TThesisGroupII.EfficientalgoritThmsforstrucutredgridcomputations

TThesolutionofparabolic,diffusiontypePDEsonastructuredgriddomaincanbeeffi-

cientlysolvedusingtTheADI(AlternatingDirectionImplicit)metThodwThicTh–inThigTher

dimensions–boilsdowntotThesolutionofmultipletridiagonalsystemofequations.TThe

memoryaccesspatternoftThetridiagonalsolvesalongdifferentdimensionsvariesand

resultsinsignificantperformancelossifconventionalmulti-andmanycoreimplemen-

tationsofnumericallibraryfunctionsareused.TThereforenewefficientalgoritThmsare

needed. Also,tThesolutionofdiffusiontypePDEsliketTheBlack-ScTholesPDEarising

infinancialapplicationsandotTherPDEsrelatedtoCNNbasedimageprocessingre-

quireefficientparallelizationsolutionsforparallelprocessorarcThitectureslikeFPGAs

andGPUs.

Correspondingpublications:[J1],[CT1],[C3],[C6]

TThesisII.a IThaveelaboratedandimplementednewparallelalgoritThmstoaccelerate

tThecalculationoftTheADI(AlternatingDirectionImplicit)metThodfortThesolutionof

PDEsinThigTherspatialdimensionsonCPU,MICandGPU.TTheresultingADIsolver

utilizesnewsolversoftridiagonalsystemofequationswitThstride-1andstride-Naccess

patterns.

WThensolvingparabolic,diffusiontypemulti-dimensionalPDEsmanytimesitispossible

todecoupletThesolutionoftTheThigTherspatialN dimensionsintoN numberofone-

dimensionalproblems.IThavedevelopedwaystooptimizetTheefficiencyoftThesolutionin

eacThdimensionastThememoryaccesspatterncThangessignificantlyalongeacThdimension

forarbitrarydimensions.TThisresultisalsoarepresentativeusecasefortThetridiagonal

solversofTThesisI.aandTThesisI.b.

TThesisII.b
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IThavedevelopedapower-efficientparallelFPGAbasedsolverinHLS

(HigThLevelSyntThesis)toacceleratetThenumericalsolutionoftThe1-factorBlack-ScTholes

PDE.TTheresultingFPGAsolverisonparwitThtTheCPUsolverintermsofcompu-

tationalperformance,butitoutperformstTheCPUintermsofcomputationalefficiency

(GFLOPS/W)byafactorof4intThecaseoftTheexplicitsolutionandbyafactorof1.3

wThensolvingtTheimplicitproblem.
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SolvingtThe1-factorBlack-ScTholesPDEforpricingfinancialderivativeswitThoneun-

derlyingassetrequiresanexplicitorimplicitsolutionoftThePDE.IThaveproposedan

efficientstenciloperationtypesolutionsfortTheexplicitmetThodandanefficientTThomas

algoritThmimplementationfortTheimplicitmetThod.

TThesisII.c IThaveexperimentallyproventThattTheutilizationoftThetexturecacThebya

doublebufferapproacThisanefficientwaytoimplementaGPUbasedacceleratorfortThe

solutionoftTheCNNstateequationasitincreasestThecacTheThitrateoftThetwodimen-

sionaltexturecacTheduetospatiallocalityandreducestThenumberofintegeroperation

involvedduringtThememoryindexcalculationstThrougThtThebuiltinfunctionalityoftThe

texturecacThe.

WThensolvingtTheCNNstateequationtoperformadiffusionoperationonanimage,a

TheatdiffusionPDEissolved.TThesolutionofsucThaPDEismemorybandwidtThlimited.

AssucTh,atilingorcacTheblockingoptimizationsamortizetThedatatransferandallow

goodperformance.IThavesThowntThattThisperformancecanbeovercomebyutilizingtThe

built-intexturecacThecapabilityoftTheGPU. WitThtThisapproacThtThesolutionoftThetwo

dimensionalCNNstateequationcantakeadvantageoftThesignificantcacThereuseoftThe

texturecacThewThenfetcThingdata. Also,significantintegeroperationsandlatencycan

besavedbyutilizingtThebuilt-incoordinatecalculationunitsoftTheGPU.

TThesisGroupIII.EfficientalgoritThmsforunstructuredgridcomputa-

tions

IncreasingtTheefficiencyofparallelcomputationsonunstructuredgridapplicationsintThe

OP2frameworkisofThigThimportancetotThescientificcommunity.ImprovingtThesingle

nodescalabilityoftTheindirectincrementofvaluesintTheOP2frameworkisofgreat

importanceforperformance.OnecomponentoftThescalabilityistThemini-partitioning.

TThecurrentnaivemini-partitioningsolutioncanbeimprovedbyexploitingtTheusemin-

imalmatrixbandwidtThreorderingtecThniques.NewmetThodsforanOpenCLbackendof

tTheOP2frameworkcanimprovetTheperformanceofunstructuredgridapplicationson

CPUandMIC,andprovidecodeportability.

Correspondingpublications:[C4],[J2],[C5
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TThesisIII.a IThaveexperimentallyproventThattTheefficiencyoftTheparallelcoloredin-

directincrementationinunstructuredgridcomputationscanbeimprovedbyextendingtThe

mini-partitioninginOP2usingtTheGPS(Gibbs-Poole-Stockmeyer)minimalbandwidtTh

reorderingalgoritThmonreal-worldCFDsimulationproblems. TThisapproacThdramati-

callydecreasestThenumberofblockcolorsusedintTheparallelincrementandtTherefore

increasestThenumberofblockswitThinacolorwThicThcanbeincrementedinparallel.TThe

reductionintThenumberofblockcolorsisupto×37.5forreal-worldtestcasesandtThe

speedupresultingfromtThisimprovementis×7.4.

InordertoincreasetTheefficiencyofparallelincrementationonunstructuredgridsOP2

utilizesatwolevelcoloringscThemetoidentifytThesetofelementsandblockswThicThcanbe

incrementedinparallel.TThenumberofcolorsdeterminestThenumberofsequentialsteps

duringtTheincrementationprocess.InrealworldapplicationstThenumberofblockcolors

canbeThigThduetoexcessivenumberofconnectionsbetweentThemini-partitions.IThave

proposedtTheuseoftTheGPSbandwidtThminimizationalgoritThmtoreordermesThesso

tThattThenäıvemini-partitioningcreatesblockswitThlessneigThboringconnectionswThicTh

ThelpstThetwolevelcoloringalgoritThmtogetbetterblockcoloring.

TThesisIII.b IThaveanalysedandproposednewTheuristiccodetransformationtecTh-

niquestoimprovetThevectorizationcapabilitiesofOpenCLonCPUandMICarcThitec-

tures.TTheresultingOpenCLkernelswitThinOP2lendtThemselvestobetterparallelization

propertiesonrealworldsimulationcodes.IncaseoftTheCPUtTheacThievedperformance

isonparwitThtTheOpenMPandMPIparallelization.However,tTheOpenCLimplemen-

tationis×1.5fasterontTheMICcomparedtotTheMPI+OpenMPsolution.

DOI:10.15774/PPKE.ITK.2016.002

IThaveexploitedtThecapabilitiesoftTheIntelOpenCLimplementationforCPUand

MICtoincreasetTheirperformancebyimplementingtTheOpenCLbackendoftTheOP2

framework.TThekeytotThisimprovementistThematcThingofmulti-tThreadingandSIMD

vectorizationfeaturesoftTheCPU(orMIC)totTheSIMTtypekernelabstractionoftThe

OpenCLstandard.
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8.2 ApplicationoftTheresults

AsnotedintTheSection1.2tTheproblemsselectedforparallelizationoriginatefromtThe

scientific,engineeringandfinancialdisciplinesandtThereforetTheyThaveadirectappli-

cationintThesefields.TTheresultsconcerningscalarandblocktridiagonalsolverswere

presentedattTheGPUTecThnologyConferenceinSanJosein2014,tThelargestGPU

conferencebytodayandonconferencesandjournalpapers..

TTheintegrationoftTheresultsfromtTheresearcThofscalartridiagonalsolvertoatmo-

spThericsimulationsisanongoingworkbyEikeMuellerandThiscolleguesattTheDepart-

mentofMatThematicalSciencesattTheUniversityofBatTh,UK.InatmospThericmodelling

duetotThestructuredmesThingoftTheatmospTheretThecellgeometriesaretoodistorted

wThicThresultsinnumericalstabilityproblems,alsoknownasThigThlyanisotropicproblem.

Line-smootTherintThemultigridpreconditionerrequirestThefrequentinversionofatridi-

agonalmatrixandtThereforetTheTThomas-PCRalgoritThmmayThaveaThigThimpactontThe

performance.

MyresultsareusedtoimprovetTheperformanceofaNavier-StokesCFDsolvercalled

Turbostream.TurbostreamisdevelopedbyDr.TobiasBrandvikandDr.GraThamPul-

lanintTheWThittleLaboratoryattTheUniversityofCambridge,UK.Itisaimedatsolving

CFDproblemsarisingintThedesignofturbomacThinerywTheretThenumericalsolutionof

tTheNavier-Stokesequationsaredoneusingaline-implicitorsemi-implicitRunge-Kutta

metThodonanunstructuredgridwitThstretcThedregions.AlongtThesestretcThedregions

an(blocktridiagonal)implicitsolutionisrequiredforunconditionalstability,astThegrid

cellsareThigThlyanisotropic.

Dr.SergeGuillasandThiscolleaguesattTheUniversityCollegeLondon,UKusedtTheVol-

naOP2tsunamisimulationcode–writtenbyIstv́anRegulyandme–toperformmea-

surementsfortThepapers[92]and[93

DOI:10.15774/PPKE.ITK.2016.002

].TThisimplementationmakelargescaletsunami

simulationsfeasiblewThicThresultinstatisticallyrelevantresults.
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Appendix

A.1 HardwareandSoftwareforScalarandBlockTridiag-

onalSolvers

TThemostsalientpropertiesoftTheCPU,MICandGPUusedintThepresentstudyare

sThowninTableA.1

DOI:10.15774/PPKE.ITK.2016.002

. TTheIntelComposerXESuite2015.2.164witThcompilerversion

15.0.2compilerandIntelMatThKernelLibraryversion11.2Update2forLinuxwasused

toperformtThebencThmarks.FortTheNVIDIAGPUbencThmarktTheCUDA7.0runtime

anddriverversion346.46wasused.
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TableA.1: DetailsofIntelXeonSandyBridgeserverprocessor,IntelXeonPThicoprocessor
andtTheNVIDIATeslaGPUcard.*Estimatesarebasedon[23],[44]and[94]. BotThIntel
arcThitecturesThave8-way,sTharedLLCwitThring-bustopology. HT-HyperTThread, MM-

MultiMedia,RO-ReadOnly

IntelXeonE5-2680 IntelXeonPThi5110P NVIDIAK40m

MicroarcThitecture SandyBridge KnigThtsCorner GK110b
No.sockets 2 1 1
CPUcore/SMXunit 2x8 59(+1forOS) 15
HT/coreorCUDAcore/SMX 2 4 192
MMregisterwidtTh 256bits 512bits 32bits
Registers/tThread 16YMM 32ZMM 255
L1datacacThe/core 32KB 32KB 64KB+48KBRO
L2datacacThe/core 256KB 30 MB 1.5 MB
L3datacacThe/socket 2x20 MB - -
CacTheline 64bytes 64bytes 32bytes
CacThelatencyL1/L2/L3* 4/11/21* 3/22/-* 38/-/-*
Virtualpagesize 4KB-2MB 2MB 4KB*
Clockrate 2.7(3.5Turbo)GHz 1053 MHz 745 MHz
fp32perf. 2x172.8GFLOPS 2.022TFLOPS 4.29TFLOPS
fp64perf. 2x86.4GFLOPS 1.011TFLOP 1.43TFLOPS
Installedmemory 64GBDDR3 8GBGDDR5 12GBGDDR5
MemorybandwidtTh 2x51.2GB/s 320GB/s 288GB/s
PCIbus PCI-Ex40Gen3 PCI-Ex16Gen2 PCI-Ex16Gen3
TDP/Cooling 2x130 W/Active 225W/Passive 235 W/Passive
Recommendedprice 2x1727USD 2649USD 5499USD

DOI:10.15774/PPKE.ITK.2016.002
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A.2 SystemsizeconfigurationforbencThmarkingblocktridi-

agonalsolvers.

TableA.2:ParameterN-LengtThofasystemusedforbencThmarkingaprocessorarcThitecture
andsolver.TThelengtThoftThesystemiscThosensucThtThattTheproblemfitsintotThememoryof

tTheselectedarcThitecture.

Blocksize 2 3 4 5 6 7 8

SP

CPU 128 128 128 128 128 96 96
CPU MKL11.2.2 128 128 128 128 128 96 96
MIC 128 128 128 128 128 96 96
MIC MKL11.2.2 128 128 128 128 128 96 96
GPUSThuffle 128 128 128 128 128 96 96
GPUSThared 128 128 128 128 128 96 96

DP

CPU 128 128 128 128 128 96 96
CPU MKL11.2.2 128 128 128 128 128 96 96
MIC 128 128 128 128 128 64 64
MIC MKL11.2.2 64 64 64 64 64 48 48
GPUSThuffle 128 128 128 128 128 96 96
GPUSThared 128 128 128 128 128 96 96

TableA.3:ParameterP-NumberofsystemsusedforbencThmarkingaprocessorarcThitecture
andsolver. TThenumberofsystemsiscThosensucThtThattTheproblemfitsintotThememoryof

tTheselectedarcThitecture.

Blocksize 2 3 4 5 6 7 8

SP

CPU 65536 65536 65536 65536 65536 32768 32768
CPU MKL11.2.2 65536 65536 65536 65536 65536 32768 32768
MIC 32768 32768 32768 32768 32768 16384 16384
MIC MKL11.2.2 32768 32768 32768 32768 32768 16384 16384
GPUSThuffle 65536 65536 65536 65536 65536 32768 32768
GPUSThared 65536 65536 65536 65536 65536 32768 32768

DP

CPU 65536 65536 65536 65536 65536 32768 32768
CPU MKL11.2.2 65536 65536 65536 65536 65536 32768 32768
MIC 32768 32768 32768 32768 32768 16384 16384
MIC MKL11.2.2 32768 32768 32768 32768 32768 16384 16384
GPUSThuffle 65536 65536 65536 65536 65536 32768 32768
GPUSThared 65536 65536 65536 65536 65536 32768 32768
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A.3 VolnaOP2bencThmarksetup

TThesystemusedforbencThmarkingVolnaOP2isbasedonadualsocketIntelXeonserver

processor.Ubuntu14.04LTSservereditionoperatingsystemwitThIntelComposerXE

2015.3.187andcompilerversion15.0.3wasused.SoftwaretThreadsarepinnedtoCPU

coresusingtTheKMPAFFINITY=compact,0environmentvariable.

TableA.4: DetailsofIntelXeonHaswellserverprocessorusedintThebencThmarksofVolna
OP2.HT-HyperTThread,MM-MultiMedia

IntelXeonE5-2695v3

MicroarcThitecture Haswell
ISA AVX2
No.sockets 2
CPUcore 2x14
TThreads/core 2
MMregisterwidtTh 256bits
Registers/tThread 16YMM
L1datacacThe/core 32KB
L2datacacThe/core 256KB
L3datacacThe/socket 2x35 MB
CacTheline 64bytes
Clockrate 2.3(3.3Turbo)GHz
fp32perf. 2x512.2GFLOPS
fp64perf. 2x257.6GFLOPS
Installedmemory 64GBDDR4
MemorybandwidtTh 2x68GB/s
TDP/Cooling 2x120 W/Active
Recommendedprice 2x2424USD

A.4 OpenCLbencThmarksetup

TableA.5:BencThmarksystemsspecifications

System CPU XeonPThi
ArcThitecture 2×XeonE5-2640 XeonPThi5110P
Clockfrequency 2.4GHz 1.053GHz
Corecount 2×6 61(60used)
LastlevelcacThe 2×15MB 30MB
PeakbandwidtTh 2×42.6GB/s 320GB/s
PeakGFLOPSDP(SP) 2×120(240) 1010(2020)
StreambandwidtTh 66.8GB/s 171GB/s
D/SGEMMGFLOPS 229(433) 833(1729)
FLOP/byteDP(SP) 3.42(6.48) 4.87(10.1)
Recommendedprice 2x889USD 2649USD
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[12] B.D̈uring,M.Fourníe,andA.Rigal.“HigTh-OrderADIScThemesforConvection-

DiffusionEquationswitTh MixedDerivativeTerms”.EnglisTh.In:Spectraland

HigThOrderMetThodsforPartialDifferentialEquations-ICOSAHOM2012.Ed.

byMejdiAzaiez,HendaElFekiTh,andJanS.HestThaven.Vol.95.LectureNotes

inComputationalScienceandEngineering.SpringerInternationalPublisThing,

2014,pp.217–226.isbn:978-3-319-01600-9.doi:10.1007/978-3-319-01601-

6_17.url:Thttp://dx.doi.org/10.1007/978-3-319-01601-6_17.

[13] SamirKaraaandJunZThang.“HigThorderADImetThodforsolvingunsteadycon-

vection–diffusionproblems”.In:JournalofComputationalPThysics198.1(2004),

pp.1–9.issn:0021-9991.doi:Thttp://dx.doi.org/10.1016/j.jcp.2004.

01.002.url:Thttp://www.sciencedirect.com/science/article/pii/

S002199910400018X.

[14] D. W.PeacemanandJr.RacThfordH.H.“TTheNumericalSolutionofParabolic

andEllipticDifferentialEquations”.EnglisTh.In:JournaloftTheSocietyforIn-

dustrialandAppliedMatThematics3.1(1955),issn:03684245.url:Thttp://www.

jstor.org/stable/2098834.

[15] J.DouglasandH.H.RacThford.“OntThenumericalsolutionofTheatconduction

problemsintwoandtThreespacevariables”.In:TransactionoftTheAmerican

MatThematicalSociety 82(1956),pp.421–489.

[16] Jr.DouglasJimandJamesE.Gunn.“Ageneralformulationofalternatingdi-

rectionmetThods”.EnglisTh.In:NumeriscTheMatThematik6.1(1964),pp.428–453.

issn:0029-599X.doi:10.1007/BF01386093.url:Thttp://dx.doi.org/10.

1007/BF01386093

DOI:10.15774/PPKE.ITK.2016.002

.

http://dx.doi.org/http://dx.doi.org/10.1016/0898-1221(88)90150-2
http://dx.doi.org/http://dx.doi.org/10.1016/0898-1221(88)90150-2
http://www.sciencedirect.com/science/article/pii/0898122188901502
http://www.sciencedirect.com/science/article/pii/0898122188901502
http://ssrn.com/abstract=1580057
http://dx.doi.org/10.1007/978-3-319-01601-6_17
http://dx.doi.org/10.1007/978-3-319-01601-6_17
http://dx.doi.org/10.1007/978-3-319-01601-6_17
http://dx.doi.org/http://dx.doi.org/10.1016/j.jcp.2004.01.002
http://dx.doi.org/http://dx.doi.org/10.1016/j.jcp.2004.01.002
http://www.sciencedirect.com/science/article/pii/S002199910400018X
http://www.sciencedirect.com/science/article/pii/S002199910400018X
http://www.jstor.org/stable/2098834
http://www.jstor.org/stable/2098834
http://dx.doi.org/10.1007/BF01386093
http://dx.doi.org/10.1007/BF01386093
http://dx.doi.org/10.1007/BF01386093


References 126

[17] T.RoskaandL.O.CThua.“TTheCNNuniversalmacThine:ananalogicarraycom-

puter”.In:CircuitsandSystemsII:AnalogandDigitalSignalProcessing,IEEE

Transactionson40.3(Mar.1993),pp.163–173.issn:1057-7130.doi:10.1109/

82.222815.
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